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A Derivation and log-linearization of households’ problem

A.1 Euler Equation

We first detrend and log-linearize equations (34) and (35) in order to get the usual Euler equation
for consumption.

Detrending equation (34) we have

Eht

[
γtΛh,tPt

]
=

Eht

[
eηc

t

]
Ch,t/γt − φCh,t−1/(γ · γt−1)

⇒ Eht[Λ̂h,t] =
Eht

[
eηc

t

]
Ĉh,t − φ/γĈh,t−1

We log-linearize the equation above

Λ̄h(1 + Eht[λh,t] = 1 + Eht[etac
t ]

C̄h[1 − φ/γ + ch,t − φ/γch,t−1]
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Using the steady-state result Λ̄h =
[
C̄h (1 − φ/γ)

]−1
we find

(1 + Eht[λh,t]
(

1 − φ

γ
+ ch,t − φ

γ
ch,t−1

)
=
(

1 − φ

γ

)
(1 + Eht [ηc

t ])

Rearranging terms

Eht[λh,t] = φ/γ

1 − φ/γ
ch,t−1 − 1

1 − φ/γ
ch,t + Eht [ηc

t ] (A.1)

The detrended version of (35) is

Eht[γtΛh,tPt] = β

γ
Eht

[
γt+1Λh,t+1Pt+1

Pt

Pt+1
Rt

]

⇒ Eht[Λ̂h,t] = β

γ
Eht

[
Λ̂h,t+1

Rt

Πt+1

]

We now log-linearize the equation above

Λ̄h(1 + Eht[λh,t]) = β

γ

R̄

Π̄
Λ̄hEht [1 + λh,t+1 + rt − πt+1]

Using the steady-state result that Π̄/R̄ = β/γ and rearranging terms

Eht[λh,t] = Eht[λh,t+1 + rt − πt+1] (A.2)

Substituting (A.1) into (A.2) implies

φ/γ

1 − φ/γ
ch,t−1 − 1

1 − φ/γ
ch,t + πt − Eht[πt] + Eht [ηc

t ] = πt − Eht[πt]+

Eht

[
φ/γ

1 − φ/γ
ch,t − 1

1 − φ/γ
ch,t+1 + πt+1 − Eht[πt+1] + Eht

[
ηc

t+1

]
+ rt − πt+1

]

Rearranging terms

ch,t = φ/γ

1 + φ/γ
ch,t−1 + 1

1 + φ/γ
Eht[ch,t+1] − 1 − φ/γ

1 + φ/γ
Eht[rt − πt+1] − 1 − φ/γ

1 + φ/γ
Eht

[
ηc

t+1 − ηc
t

]

Using the result ch,t = ct for all h and integrating over h, we get
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ct = φ/γ

1 + φ/γ
ct−1 + 1

1 + φ/γ
E

(1)
t [ct+1] − 1 − φ/γ

1 + φ/γ
E

(1)
t [rt − πt+1] − 1 − φ/γ

1 + φ/γ
E

(1)
t

[
ηc

t+1 − ηc
t

]
(A.3)

A.2 Equilibrium condition for investment

We use equations (37) and (35) to get an equilibrium condition for investment.
Dividing each term of equation (37) by Λh,tPt and using the definition Qh,t ≡ Φh,t

Λh,tPt

Eht[Pt/Pt−1]
Pt/Pt−1

=Eht

[
Qh,te

ηi
t

] (
1 − S

(
Ih,t

Ih,t−1

)
− S ′

(
Ih,t

Ih,t−1

)
Ih,t

Ih,t−1

)
+

β

Λh,tPt

Eht

Qh,t+1Λh,t+1Pt+1e
ηi

t+1S ′
(

Ih,t+1

Ih,t

)(
Ih,t+1

Ih,t

)2


We now detrend the variables to get

Eht[Πt]
Πt

=Eht

[
Qh,te

ηi
t

] (
1 − S

(
γÎh,t

Îh,t−1

)
− S ′

(
γÎh,t

Îh,t−1

)
γÎh,t

Îh,t−1

)
+

β

γΛ̂h,t

Eht

Qh,t+1Λ̂h,t+1e
ηi

t+1S ′
(

γÎh,t+1

Ih,t

)(
γÎh,t+1

Îh,t

)2 (A.4)

We now log-linearize the equation using the following approximations

Îh,t

Îh,t−1
≈ 1 + ih,t − ih,t−1

S (γ(1 + ih,t − ih,t−1)) ≈ S(γ) + γS ′(γ) (ih,t − ih,t−1) = 0

S ′ (γ(1 + ih,t+1 − ih,t) ≈ S ′(γ) + γS ′′(γ)(ih,t+1 − ih,t) = γs′′(ih,t+1 − ih,t)

We will have

1 + Eht[πt] − πt = Q̄h

(
1 + qh,t + Eht

[
ηi

t

]) (
1 − γ2s′′(ih,t − ih,t−1)(1 + ih,t − ih,t−1)

)
+

Q̄hβγ2(1 − λh,t)Eht

[
(1 + λh,t+1)(1 + ηi

t+1)s′′(ih,t+1 − ih,t)(1 + ih,t − ih,t−1)2
]

We arrive to

Eht[πt] − πt = qh,t + Eht[ηi
t] − γ2s′′(ih,t − ih,t−1) + βγ2Eht [s′′(ih,t+1 − ih,t)]
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Rearranging terms, we get

ih,t =
(

1
1 + β

)
ih,t−1 +

(
β

1 + β

)
Eht[ih,t+1] +

(
1

s′′(1 + β)γ2

)(
qh,t + Eht

[
ηi

t

]
+ πt − Eht[πt]

)

Using the result ih,t = it and qh,t = qt for all h and integrating over h, we have

it =
(

1
1 + β

)
it−1 +

(
β

1 + β

)
E

(1)
t [it+1] +

(
1

s′′(1 + β)γ2

)(
E

(1)
t

[
qt + ηi

t

]
+ πt − E

(1)
t [πt]

)
(A.5)

A.3 Asset pricing equation for capital stock

We start detrending equation (36) by dividing each term by Λh,tPt and using the definition of Qt

Qh,t = β

γΛ̂h,t

Eht

[
Λ̂h,t+1

(
R̂k

t+1Uh,t+1 − a(Uh,t+1)
)]

+ (1 − δ) β

γΛ̂h,t

Eht

[
Qh,t+1Λ̂h,t+1

]

We start log-linearizing using the following approximation

a(Uh,t+1) ≈ a(Ūh) + a′(Ūh)(Uh,t+1 − Ūh) = R̄k(Uh,t+1 − 1) ≈ R̄kuh,t+1

We now use the following steady-state results to simplify the expression: Q̄ = 1, Ū = 1 and
R̄k = a′(Ū)

1 + qh,t =
(

1 − (1 − δ)β
γ

)
(1 − λt)

(
1 + Eht

[
λh,t+1 + rk

t+1

])
+(

(1 − δ)β
γ

)
(1 − λh,t) (1 + Eht [qh,t+1 + λh,t+1])

Simplifying further gives us

qh,t =
(

1 − (1 − δ)β
γ

)
Eht

[
rk

t+1

]
+
(

(1 − δ)β
γ

)
Eht[qh,t+1] + Eht[λh,t+1] − λh,t (A.6)

We may rewrite (A.2) as

Eht[λh,t+1] − λh,t = Eht[πt] − πt − Eht[rt − πt+1]

Plugging the result above into (A.6) leads to
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qh,t =
(

β(1 − δ)
γ

)
Eht[qh,t+1] +

(
1 − β(1 − δ)

γ

)
Eht

[
rk

t+1

]
− Eht[rt − πt+1] − (πt − Eht[πt])

Integrating over h, we finally get

qt =
(

β(1 − δ)
γ

)ˆ 1

0
Eht[qh,t+1]dh +

(
1 − β(1 − δ)

γ

)
E

(1)
t

[
rk

t+1

]
− E

(1)
t [rt − πt+1] −

(
πt − E

(1)
t [πt]

)
(A.7)

If we use the result that qh,t = qt for all h, we have instead

qt =
(

β(1 − δ)
γ

)
E

(1)
t [qt+1] +

(
1 − β(1 − δ)

γ

)
E

(1)
t [rk

t+1] − E
(1)
t [rt − πt+1] − (πt − E

(1)
t [πt])

A.4 Law of motion of capital

We first detrend equation (17) to get a log-linear version of the law of motion of capital.

Kh,t/γt = (1 − δ)Kh,t−1/(γ · γt−1) + eηI
t

(
1 − S(Ih,t/γt/Ih,t−1/(γ · γt−1))

)
Ih,t/γt

⇒ K̂h,t =
(

1 − δ

γ

)
K̂h,t−1 + eηI

t

(
1 − S

(
γ

Îh,t

Îh,t−1
)
))

Îh,t

We now log-linearize the equation

K̄h(1 + kh,t) =
(

1 − δ

γ

)
K̄h(1 + kh,t−1) + (1 + ηi

t) (1 − S (γ(1 + ih,t − ih,t−1))) Īh(1 + ih,t)

Using the steady-state result Īh = (1 − (1 − δ)/γ)K̄h

1 + kh,t =
(

1 − δ

γ

)
(1 + kh,t−1) + (1 + ηi

t) (1 − S (γ(1 + ih,t − ih,t−1)))
(

1 − 1 − δ

γ

)
(1 + ih,t)

⇒ kh,t =
(

1 − δ

γ

)
kh,t−1 +

(
1 − 1 − δ

γ

)(
ih,t + ηi

t − S (γ(1 + ih,t − ih,t−1))
(
1 + ih,t + ηi

t

))

We use the following approximation
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S (γ(1 + ih,t − ih,t−1)) ≈ S(γ) + γS ′(γ) (ih,t − ih,t−1) = 0

We find that

kh,t =
(

1 − δ

γ

)
kh,t−1 +

(
1 − 1 − δ

γ

)(
ih,t + ηi

t

)

Integrating over h

kt =
(

1 − δ

γ

)
kt−1 +

(
1 − 1 − δ

γ

)(
it + ηi

t

)
(A.8)

A.5 Capital utilization level

Based on equation (38), we obtain a log-linearized of the capital utilization function by first dividing
both sides of the equation by Pt

a′(Uh,t)Eht

[
Pt

Pt−1

]
= Eht

[
R̂k

t

Pt

Pt−1

]

We now log-linearize each term and use the following approximation

a′(Uh,t) ≈ a′(Ūh) + a′′(Ūh)(Uh,t − Ūh) = R̄k + a′′uh,t

This leads to

Π̄(R̄k + a′′uh,t + R̄kEht[πt]) = R̄kΠ̄(1 + Eht[rk
t + πt])

⇒ uh,t =
(
R̄k/a′′

)
Eht[rk

t ]

Integrating over h, we have
ut = (R̄k/a′′)E(1)

t [rk
t ] (A.9)

A.6 Utilized capital level

Equation (19) becomes
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Ku
h,t/γt = Uh,tKh,t−1/(γ · γt)

⇒ K̂u
h,t = Uh,tK̂h,t−1/γ

⇒ ku
h,t = uh,t + kh,t−1

Integrating over h ∈ [0, 1], we get

ku
t = ut + kt−1 (A.10)

A.7 Marginal cost of labor

From the definition of marginal cost of labor (40)

MRSh,t/γt = Lχ
h,t

(
Ch,t/γt − φCh,t−1/(γ · γt−1

)
M̂RSh,t = Lχ

h,t

(
Ĉh,t − φ/γĈh,t−1

)
We now log-linearize the variables and use the approximation (1 + lh,t)χ ≈ 1 + χlh,t

¯MRS(1 + mrsh,t) = L̄χC̄(1 + χlh,t)(1 + ch,t − φ/γ − φ/γch,t−1)

Using the fact that ¯MRS = C̄(1 − φ/γ)L̄χ , we get

(1 + mrsh,t)
(

1 − φ

γ

)
= 1 − φ

γ
+
(

1 − φ

γ

)
χlh,t + ch,t − φ

γ
ch,t−1

We rearrange terms to get

mrsh,t =
(

1
1 − φ/γ

)(
ch,t − φ

γ
ch,t−1

)
+ χlh,t

We finally integrate over h to get

mrst =
(

1
1 − φ/γ

)
(ct − φ/γct−1) + χlt (A.11)
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A.8 Resource constraint

The resource constrained is defined by equation (29) as follows

Yt = Ct + It + a(Ut)Kt + Gt

Log-linearizing each term leads to

Ȳ (1 + yt) = C̄(1 + ct) + Ī(1 + it) + K̄R̄kut + Ḡ(1 + gt)

We use the steady-state result that Ȳ = C̄ + Ī + Ḡ and divide each side by Ȳ to simplify the
expression above to

yt = cyct + iyit + R̄kkyut + gygt,

where cy = C̄/Ȳ , iy = Ī/Ȳ , Ky = K̄/Ȳ and gy = Ḡ/Ȳ . We now derive a formula for gt by noticing
that government expenditures follow the rule below

Gt

Yt

= gy + ηg
t ⇒ gy(1 + gt − yt) = gy + ηg

t ⇒

gt = yt + ηg
t

gy

Plugging the result above into the log-linearized version of the resource constraint implies

yt = 1
1 − gy

(
C̄

Ȳ
ct + Ī

Ȳ
it + R̄kK̄

Ȳ
ut + ηg

t

)
(A.12)

B Derivation of firms’ problem

B.1 Cost minimization problem

min
{Ki,t,Li,t}

Eit

[
WtLi,t + Rk

t Ki,t

]
− γtΦp

s.t. Yi,t = AtK
α
i,tL

1−α
i,t ,

where At follows

log(At) = ρa log(At−1) + εa
t (B.1)
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Lagrangean:

min
{Ki,t,Li,t}

L = Eit

[
WtLi,t + Rk

t Ki,t − γtΦp + µi,t

[
Yi,t − AtK

α
i,tL

1−α
i,t

]]

FOC:

Eit [Wt] = (1 − α)µi,t
Eit [Yi,t]

Li,t

Eit

[
Rk

t

]
= αµi,t

Eit [Yi,t]
Ki,t

Dividing one FOC by another:

Eit [Wt]
Eit

[
Rk

t

] = 1 − α

α

Ki,t

Li,t

(B.2)

substituting into the production function and solving for Ki,t and Li, t as a function of Yi,t:

Yi,t = At

 α

1 − α

Eit [Wt]
Eit

[
Rk

t

]
α

Li,t ⇒ Li,t =
1 − α

α

Eit

[
Rk

t

]
Eit [Wt]

α

Yi,t

At

Yi,t = At

1 − α

α

Eit

[
Rk

t

]
Eit [Wt]

1−α

Ki,t ⇒ Ki,t =
 α

1 − α

Eit [Wt]
Eit

[
Rk

t

]
1−α

Yi,t

At

Substituting both into the total cost:

C(Yi,t) =

Wt

1 − α

α

Eit

[
Rk

t

]
Eit [Wt]

α

+ Rk
t

 α

1 − α

Eit [Wt]
Eit

[
Rk

t

]
1−α

 Yi,t

At

− AtΦp

=

 (1 − α)WtEit

[
Rk

t

]
+ αRk

t Eit [Wt]

αα(1 − α)1−αEit [Wt]α Eit

[
Rk

t

]1−α

 Yi,t

At

− AtΦp

Marginal cost:

MCi,t ≡ C ′(Yi,t) =

 (1 − α)WtEit

[
Rk

t

]
+ αRk

t Eit [Wt]

αα(1 − α)1−αEit [Wt]α Eit

[
Rk

t

]1−α

 1
At

(B.3)
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B.2 Price index

The price index is given by

Pt =
[ˆ 1

0
P

− 1
µ

p
t

i,t di

]−µp
t

The firms that do not optimize, follow the indexation rule given by

Xt = Πιp

t−1Π̄1−ιp

where ιp ∈ [0, 1].
Observe that

P
− 1

µ
p
t

t =
ˆ 1

0
P

− 1
µ

p
t

i,t di =
ˆ ξp

0
(XtPi,t−1)

− 1
µ

p
t di +

ˆ 1

ξp

(P ∗
i,t)

− 1
µ

p
t di

= ξpX
− 1

µ
p
t

t

ˆ 1

0
P

− 1
µ

p
t

i,t−1di + (1 − ξp)
ˆ 1

0
(P ∗

i,t)
− 1

µ
p
t di

= ξp(XtPt−1)
− 1

µ
p
t + (1 − ξp)(P ∗

t )
− 1

µ
p
t

where the last equality uses the definition of Pt in period t − 1 and uses the definition of aggregate

optimal price given by P ∗
t =

[´ 1
0 (P ∗

i,t)
− 1

µ
p
t di

]−µp
t

.

Dividing both sides by P
− 1

µ
p
t

t−1 and using the definition of Πt and Xt:

Π
− 1

µ
p
t

t = ξp

(
Πιp

t−1Π̄1−ιp

)− 1
µ

p
t + (1 − ξp)

(
P̂ ∗

t

)− 1
µ

p
t (B.4)

where P̂ ∗
t = P ∗

t

Pt−1
.
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B.3 Optimal price

max
{P ∗

i,t}

∞∑
s=0

ξs
pEit

[
Λt,t+s

(
P ∗

i,tXt,t+sYt+s|t − C(Yt+s|t)
)]

s.t. Yt+s|t =
(

P ∗
i,tXt,t+s

Pt+s

)−
1+λp,t+s

λp,t+s

Ct+s

Xt,t+s =


∏s

j=1(Π
ιp

t+j−1Π̄1−ιp), for s ≥ 1

1, for s = 0

Λt,t+s = βs λt+s

λt

= βs uc(Ct+s)
uc(Ct)

Pt

Pt+s

where Yt+s|t denote the output from period t + s given that the last price update was done in
period t.

FOC:
∞∑

s=0
ξs

pEit

[
Λt,t+s

(
Xt,t+sYt+s|t −

(
1 + λp,t+s

λp,t+s

)
P ∗

i,tXt,t+s

Yt+s|t

P ∗
i,t

+ C ′(Yt+s|t)
(

1 + λp,t+s

λp,t+s

)
Yt+s|t

P ∗
i,t

)]
= 0

∞∑
s=0

ξs
pEit

[
Λt,t+sYt+s|t

(
−Xt,t+s

λp,t+s

+
(

1 + λp,t+s

λp,t+s

)
MCi,t+s

P ∗
i,t

)]
= 0 (B.5)

∞∑
s=0

ξs
pEit

[
Λt,t+sYt+s|t

Xt,t+s

λp,t+s

]
=

∞∑
s=0

ξs
pEit

[
Λt,t+sYt+s|t

(
1 + λp,t+s

λp,t+s

)
MCi,t+s

P ∗
i,t

]
(B.6)

B.4 Wage-setting problem

min
{W ∗

h,t
}

−Eht

[ ∞∑
s=0

(βξw)sV
(
Lh,t+s|t

)]

s.t. Lh,t+s|t =
(

W ∗
h,tX

w
t,t+s

Wt+s

)−
1+µw,t+s

µw,t+s

Lt+s

Pt+sCh,t+s + Pt+sIh,t+s + Bh,t+s + Pt+sa(Uh,t+s)Kh,t+s−1 + Qt+s+1,tAh,t+s

= Rt+s−1Bh,t+s−1 + Wh,t+sLh,t+s|t + Rk
t+sUh,t+sKh,t+s−1 + Pt+sAh,t+s−1 + Th,t+s

Wh,t+s = Xw
t,t+sW

∗
h,t

Xw
t,t+s =

(γΠ̄1−ιw)s∏s
j=1

(
Πιw

t+j−1

)
if s ≥ 1

1 if s = 0.

where Yt+s|t denote the output from period t + s given that the last price update was done in
period t.
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The Lagrangean of this problem is given by

L =
∞∑

s=0
(βξw)sEht

[
V
(
Lh,t+s|t

)
+ Λh,t+s

(
Rt+s−1Bh,t+s−1 + Xw

t,t+sW
∗
h,tLh,t+s|t + Rk

t+sUh,t+sKh,t−1+

Pt+sAh,t+s−1 + Th,t+s − Pt+sCh,t+s − Pt+sIh,t+s − Bh,t+s − Pt+sa(Uh,t+s)Kh,t+s−1 − Qt+s+1,tAh,t+s)]

Note that the Lagrangean multiplier of this problem is equal to the marginal utility of consumption,
Λh,t+s.

The optimal condition for setting the wage of differentiated labor, W ∗
h,t is

0 =
∞∑

s=0
(βξw)sEht

[(
Λh,t+s

(
Xw

t,t+sLh,t+s|t −
1 + µw

t+s

µw
t+s

Lh,t+s|tX
w
t,t+s

)
+ 1 + µw

t+s

µw
t+s

V ′ (Lh,t+s)
Lh,t+s|t

W ∗
h,t

)]

0 =
∞∑

s=0
(βξw)sEht

[
Lh,t+s|tΛh,t+s

(
Xw

t,t+s

µw
t+s

+ 1 + µw
t+s

µw
t+s

V ′ (Lh,t+s)
Λh,t+sW ∗

h,t

)]

Using the FOC from households’ problem and the definition of the rate of marginal substitution
between labor and consumption, one can see that

V ′
(
Lh,t+s|t

)
Λh,t+s

= Lχ
h,t+s|t(Ch,t+s − φ/γCh,t+s−1)Eh,t+s[Pt+s]

= MRSh,t+s|tEh,t+s[Pt+s].

Thus, the wage-setting equation can be written as

∞∑
s=0

(βξw)sEht

[
Lh,t+s|tΛh,t+s

Xw
t,t+s

µw
t+s

]
=

∞∑
s=0

(βξw)sEht

[
Lh,t+s|tΛh,t+s

1 + µw
t+s

µw
t+s

MRSh,t+s|tEh,t+s[Pt+s]
W ∗

h,t

]
(B.7)

B.5 Labor packers

There is a continuum of households indexed by h ∈ [0, 1] who supplies differentiated labor services
that are imperfect substitute for other households’ labor services. As in ?, it is assumed that there
are “employment agencies” that combines households’ labor supply using the following aggregator

Lt =
(ˆ 1

0
L

1
1+µw

t
h,t dh

)1+µw
t

, (B.8)

where µw
t denote the agency’s wage mark-up such that log(1 + µw

t ) = log(1 + µw
t−1) + ηw

t . In turn,
ηw

t follows the process
ηw

t = ρwηw
t−1 + εw

t , εw
t ∼ N (0, σ2

w). (B.9)
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Agencies pay for each household h their wage, Wh,t, and sell a homogeneous labor service to
intermediate firms at a cost, Wt. Therefore, they maximize profits

WtLt −
ˆ 1

0
Wh,tLh,tdh (B.10)

subject to (??). Thus, the demand labor for each household h is given by

Lh,t =
(

Wh,t

Wt

)− 1+µw
t

µw
t

Lt, (B.11)

where Wt =
(´ 1

0 (Wh,t)
− 1

µw
t dh

)−µw
t

is the nominal wage index. Given the optimal prices and the
indexation rule, the price level has the following law of motion

Wt =
[
ξw

(
γΠιw

t−1Π̄1−ιwWt−1
)− 1

µw
t + (1 − ξw)(W ∗

t )− 1
µw

t

]−µw
t

. (B.12)

where W ∗
t =
´ 1

0 W ∗
h,tdh

C Log-linearization of firms’ problem

Denote xt = log(Xt) − log(X̄). We are using the Uhlig’s method of linearization for most of
equations.

C.1 Marginal cost

Equation (B.2)

Eit [Wt]
Eit

[
Rk

t

] = 1 − α

α

Ki,t

Li,t

⇒ Eit [Wt/Pt]
Eit

[
Rk

t /Pt

] = 1 − α

α

Ki,t

Li,t

⇒
Eit

[
Ŵt

]
Eit

[
R̂k

t

] = 1 − α

α

Ki,t

Li,t

¯̂
W
¯̂
Rk

Eit

[
eŵt

]
Eit

[
er̂k

t

] = 1 − α

α

K̄

L̄
eki,t−li,t

Eit

[
eŵt

]
Eit

[
er̂k

t

] = eki,t−li,t

where last equality uses the same equation in the steady-state.
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Log-linearizing each term:

Eit [1 + ŵt]
Eit

[
1 + r̂k

t

] = 1 + ki,t − li,t

1 + Eit [ŵt] = (1 + ki,t − li,t)(1 + Eit

[
r̂k

t

]
)

Eit [ŵt] = ki,t − li,t + Eit

[
r̂k

t

]
where last equality uses the fact that xtyt ≊ 0 for any pair log-deviation from steady-state, (xt, yt).

Marginal cost (equation B.3)

MCi,t =

 (1 − α)WtEit

[
Rk

t

]
+ αRk

t Eit [Wt]

αα(1 − α)1−αEit [Wt]α Eit

[
Rk

t

]1−α

 1
At

MCi,t/Pt =

(1 − α)(Wt/Pt)Eit

[
Rk

t /Pt

]
+ α(Rk

t /Pt)Eit [Wt/Pt]

αα(1 − α)1−αEit [Wt/Pt]α Eit

[
Rk

t /Pt

]1−α

 1
At

M̂Ci,t =

 (1 − α)ŴtEit

[
R̂k

t

]
+ αR̂k

t Eit

[
Ŵt

]
αα(1 − α)1−αEit

[
Ŵt

]α
Eit

[
R̂k

t

]1−α

 1
At

M̄Cexp(mci,t) =

(1 − α) ¯̂
W

¯̂
Rkexp(ŵt + Eit

[
r̂k

t

]
) + α

¯̂
W

¯̂
Rkexp(r̂k

t + Eit [ŵt])

αα(1 − α)1−α ¯̂
W α( ¯̂

Rk)1−αexp(αEit [ŵt] + (1 − α)Eit

[
r̂k

t

]
)

 1
exp(at)

exp(mcit + at) =
(1 − α)exp(ŵt + Eit

[
r̂k

t

]
) + αexp(r̂k

t + Eit [ŵt])
exp(αEit [ŵt] + (1 − α)Eit

[
r̂k

t

]
)



where last equality uses that M̄C =
¯̂

W 1−α( ¯̂
Rk)α

αα(1−α)1−α

Log-linearizing each term:

1 + mci,t + at =
(1 − α)(1 + ŵt + Eit

[
r̂k

t

]
) + α(1 + r̂k

t + Eit [ŵt])
1 + αEit [ŵt] + (1 − α)Eit

[
r̂k

t

]
(1 + mci,t + at)(1 + αEit [ŵt] + (1 − α)Eit

[
r̂k

t

]
) = (1 − α)(1 + ŵt + Eit

[
r̂k

t

]
) + α(1 + r̂k

t + Eit [ŵt])

1 + mci,t + at + αEit [ŵt] + (1 − α)Eit

[
r̂k

t

]
= (1 − α)(1 + ŵt + Eit

[
r̂k

t

]
) + α(1 + r̂k

t + Eit [ŵt])

mci,t = (1 − α)ŵt + αr̂k
t − at

Note that mci,t does not depend on i. It comes from the fact that the production function has
constant returns to scale and, as it turns out, the heterogeneity of expectation does not play an
role in the cost minimization problem up to the first order approximation. Thus, we can simply
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drop the i such that

mct = (1 − α)ŵt + αr̂k
t − at

C.2 Production function of intermediate producers

Production function:

Yi,t = eηa
t Kα

i,t

(
γtLi,t

)1−α
− γtΦp

We first detrend the variables to get

Ŷi,t = eηa
t K̂α

i,tL
1−α
i,t − Φp

We move the term Φp to the left-hand side of the equation and log-linearize it as follows

log(Ŷi,t + Φp) − log(Ȳi + Φp) = ηa + αki,t + (1 − α)li,t

We may rearrange the left-hand side of the expression above to get

log(Ŷi,t + Φp) − log(Ȳi + Φp) = Ȳi

Ȳi + Φp

yi,t

We conclude that
yi,t = Ȳi + Φp

Ȳi

(ηa
t + αki,t + (1 − α)li,t)

Integrating over i, we finaly get

yt = Ȳ + Φp

Ȳ
(ηa

t + αkt + (1 − α)lt) (C.1)

C.3 Price index

Price index (equation B.4) requires a different log-linearization rule. Consider Xt = Y Zt
t . Then,

xt = Z̄(log(Ȳ )zt + yt) Applying this to equation (B.4):

Π
− 1

µ
p
t

t = ξp

(
Πιp

t−1Π̄1−ιp

)− 1
µ

p
t + (1 − ξp)

(
P̂ ∗

t

)− 1
µ

p
t

− 1
λ̄p

(−log(Π̄)µp
t + πt) = −ξp

(
1
λ̄p

(−log(Π̄)µp
t + ιpπt−1)

)
− (1 − ξp) 1

λ̄p

(−log(Π̄)µp
t + p̂∗

t ),
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which rearranging leads to
πt = ξpιpπt−1 + (1 − ξp)p̂∗

t (C.2)

C.4 Optimal price

Optimal price (equation B.6):

∞∑
s=0

ξs
pEit

[
Λt,t+sYt+s|t

Xt,t+s

λp,t+s

]
=

∞∑
s=0

ξs
pEit

[
Λt,t+sYt+s|t

(
1 + λp,t+s

λp,t+s

)
MCi,t+s

P ∗
i,t

]
∞∑

s=0
ξs

pEit

[
Λt,t+sYt+s|t

Xt,t+s

λp,t+s

]
=

∞∑
s=0

ξs
pEit

[
Λt,t+sYt+s|t

(
1 + λp,t+s

λp,t+s

)
MCi,t+s

Pt+s

Pt−1

P ∗
i,t

Pt+s

Pt−1

]
∞∑

s=0
ξs

pEit

[
Λt,t+sYt+s|t

Xt,t+s

λp,t+s

]
=

∞∑
s=0

ξs
pEit

Λt,t+sYt+s|t

(
1 + λp,t+s

λp,t+s

)
M̂Ci,t+sΠt−1,t+s

P̂ ∗
i,t


where Πt−1,t+s = Pt+s

Pt−1
= ∑s

j=0 Πt+j and P̂ ∗
i,t = P ∗

i,t/Pt−1. If we stationarize P̂ ∗
i,t by Pt, we wouldn’t

be able to take it as known by firms, since Pt is unknown. Thus, we proceed dividing by Pt−1.
The equation above can be rewritten as

∞∑
s=0

ξs
pEit

[
Λt,t+sYt+s|t

Xt,t+s

λp,t+s

]
=

∞∑
s=0

ξs
pEit

Λt,t+sYt+s|t

(
1 + λp,t+s

λp,t+s

)
M̂Ci,t+sΠt−1,t+s

P̂ ∗
i,t


∞∑

s=0
ξs

pEit

[
Λt,t+sYt+s|t

Xt,t+s

λp,t+s

]
= −

∞∑
s=0

ξs
pEit

Λt,t+sYt+s|t

(
1 + λp,t+s

λp,t+s

)
M̂Ci,t+sΠt−1,t+s

P̂ ∗
i,t


∞∑

s=0
ξs

pEit

[
Λ̄sȲ X̄s

λ̄p

exp
(
λt,t+s + yt+s|t + xt,t+s − λ̃p,t+s

)]
=

∞∑
s=0

ξs
pEit

[
Λ̄sȲ (1 + λ̄p)M̄CΠ̄s+1

λ̄pΠ̄
exp

(
λt,t+s + yt+s|t + xt,t+s + λ̃p,t+s − λ̃p,t+s + m̂ci,t+s + πt−1,t+s − p̂∗

i,t

)]

where λ̃p,t = log(µp
t ) − log(λ̄p) ≈ log(1 + µp

t ) − log(1 + λ̄p).
Note in the steady-state Λ̄s =

(
β
Π̄

)s
, X̄s = ∏s

j=1(Π̄) = Π̄s and M̄C = 1/(1 + λ̄p). Thus, the
equation above can be written as

∞∑
s=0

(βξp)sEit

[
exp

(
λt,t+s + yt+s|t + xt,t+s − λ̃p,t+s

)]
=

∞∑
s=0

(βξp)sEit

[
exp

(
λt,t+s + yt+s|t + m̂ci,t+s + πt−1,t+s − p̂∗

i,t

)]
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Loglinearizing leads to:

∞∑
s=0

(βξp)sEit

[
1 + λt,t+s + yt+s|t + xt,t+s − λ̃p,t+s

]
=

∞∑
s=0

(βξp)sEit[1 + λt,t+s + yt+s|t + m̂ci,t+s

+ πt−1,t+s − p̂∗
i,t]

∞∑
s=0

(βξp)sEit

[
xt,t+s − λ̃p,t+s

]
=

∞∑
s=0

(βξp)sEit

[
m̂ci,t+s + πt−1,t+s − p̂∗

i,t

]
p̂∗

i,t

1 − βξp

=
∞∑

s=0
(βξp)sEit

[
m̂ci,t+s + πt−1,t+s − xt,t+s + λ̃p,t+s

]
p̂∗

i,t = (1 − βξp)
∞∑

s=0
(βξp)sEit

[
m̂ci,t+s + πt−1,t+s − xt,t+s + λ̃p,t+s

]

Note that for s ≥ 1 we have that

Xt,t+s =
s∏

j=1
(Πιp

t+j−1Π̄1−ιp)

Π̄sexp(xt,t+s) = Π̄sexp

ιp

s∑
j=1

πt+j−1


Log-linearizing we find that:

xt,t+s = ιp

s∑
j=1

πt+j−1 (C.3)

and xt,t = 0 by the definition of Xt,t+s. Analogously, we have that

πt−1,t+s =
s∑

j=0
πt+j

Using equations (C.3-C.4) and the fact that the marginal cost does not depend on i, the optimal
price is given by

p̂∗
i,t = (1 − βξp)

∞∑
s=0

(βξp)sEit

m̂ct+s +
s∑

j=0
πt+j − ιp

s∑
j=1

πt+j−1 + λ̃p,t+s


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Now we use the usual trick to rewrite p̂∗
i,t recursively.

p̂∗
i,t = (1 − βξp)

∞∑
s=0

(βξp)sEit

m̂ct+s +
s∑

j=0
πt+j − ιp

s∑
j=1

πt+j−1 + λ̃p,t+s


= (1 − βξp)Eit

[
m̂ct + πt + λ̃p,t

]
+ (1 − βξp)

∞∑
s=1

(βξp)sEit

m̂ct+s +
s∑

j=0
πt+j − ιp

s∑
j=1

πt+j−1 + λ̃p,t+s


= (1 − βξp)Eit

[
m̂ct + πt + λ̃p,t

]
+ (1 − βξp)

∞∑
s=0

(βξp)s+1Eit

m̂ci,t+s+1 +
s+1∑
j=0

πt+j − ιp

s+1∑
j=1

πt+j−1 + λ̃p,t+s+1


= (1 − βξp)Eit

[
m̂ct + πt + λ̃p,t

]
+ (1 − βξp)βξp

∞∑
s=0

(βξp)sEit

m̂ci,t+s+1 + πt +
s+1∑
j=1

πt+j − ιp

πt +
s+1∑
j=2

πt+j−1

+ λ̃p,t+s+1


= (1 − βξp)Eit

[
m̂ct + πt + λ̃p,t

]
+ βξp(1 − ιp)Eit [πt]

+ (1 − βξp)βξp

∞∑
s=0

(βξp)sEit

m̂ci,t+s+1 +
s∑

j=0
πt+j+1 − ιp

s∑
j=1

πt+j + λ̃p,t+s+1


where the second equality separate the s = 0 term from the summation and the third redefines the
summation counter as s = s − 1. The fourth equality separate the first term from the summations
inside the brackets, and the fifth redefines the summation counter as j = j − 1 and solve the
infinity sum for terms that do not depend on s.

Taking the expectation of the optimal price one-period ahead leads to

Eit[p̂∗
i,t+1] = (1 − βξp)

∞∑
s=0

(βξp)sEit

Ei,t+1

m̂ci,t+s+1 +
s∑

j=0
πt+j+1 − ιp

s∑
j=1

πt+j + λ̃p,t+s+1


= (1 − βξp)

∞∑
s=0

(βξp)sEit

m̂ci,t+s+1 +
s∑

j=0
πt+j+1 − ιp

s∑
j=1

πt+j + λ̃p,t+s+1


where uses the law of iterated expectations (LIE) (which hold for i-th expectation but not for the
average expectation). Thus, the optimal price can be written as

p̂∗
i,t = (1 − βξp)Eit

[
m̂ct + λ̃p,t

]
+ (1 − ιpβξp)Eit [πt] + βξpEit

[
p̂∗

i,t+1

]
(C.4)
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Finally, we need to aggregate the optimal price to find the NKPC. Aggregating p̂∗
i,t leads to

p̂∗
t = (1 − βξp)E(1)

t

[
m̂ct + λ̃p,t

]
+ (1 − ιpβξp)E(1)

t [πt] + βξp

ˆ 1

0
Eit

[
p̂∗

i,t+1

]
di

Denote the average of the individual expectations about their own future optimal price as
E(1)

t [p̂∗
i,t+1] =

´ 1
0 Eit

[
p̂∗

i,t+1

]
di. Note that it is different from the average expectation about the

average optimal price E
(1)
t

[
p̂∗

t+1

]
(i.e.,

´ 1
0 Eit

[
p̂∗

i,t+1

]
di ̸= E

(1)
t

[
p̂∗

t+1

]
).

Substituting into equation (C.2) leads to the NKPC under heterogeneous information and
indexation

πt = ξpιpπt−1 + (1 − ξp)
(
(1 − βξp)E(1)

t

[
m̂ct + λ̃p,t

]
+ (1 − ιpβξp)E(1)

t [πt] + βξpE(1)
t [p̂∗

i,t+1]
)

πt = ξpιpπt−1 + κpξpE
(1)
t

[
m̂ct + λ̃p,t

]
+ (1 − ξp)(1 − ιpβξp)E(1)

t [πt] + (1 − ξp)βξpE(1)
t [p̂∗

i,t+1]
(C.5)

where κp = (1−ξp)(1−βξp)
ξp

C.5 Wage index

Wage index (24):

Wt =
[
ξw

(
γΠιw

t−1Π̄1−ιwWt−1
)− 1

µw
t + (1 − ξw) (W ∗

t )− 1
µw

t

]−µw
t

Wt

γtPt

=
ξw

(
Πιw

t−1Π̄1−ιw
Wt−1

γt−1Pt−1

Pt−1

Pt

)− 1
µw

t + (1 − ξw)
(

W ∗
t

γtPt−1

Pt−1

Pt

)− 1
µw

t

−µw
t

(ŴtΠt)
− 1

µw
t = ξw

(
Πιw

t−1Π̄1−ιwŴt−1
)− 1

µw
t + (1 − ξw)(Ŵ ∗

t )− 1
µw

t

Note that in the steady-state: ( ¯̂
W Π̄)− 1

µ̄w = ξw

(
Π̄ ¯̂

W
)− 1

µ̄w

+ (1 − ξw)
( ¯̂

W ∗
)− 1

µ̄w

, which implies

that ¯̂
W ∗ = ¯̂

W Π̄.
Following the same log-linearization technique from the price index leads to

− 1
µ̄w

(−log(Π̄ ¯̂
W )µw

t + ŵt + πt) = −ξw

(
1

µ̄w
(−log(Π̄ ¯̂

W )µw
t + ιwπt−1 + ŵt−1)

)

− (1 − ξw) 1
µ̄w

(−log( ¯̂
W ∗)µw

t + ŵ∗
t ),

which rearranging leads to

ŵt + πt = ξw(ιwπt−1 + ŵt−1) + (1 − ξw)ŵ∗
t (C.6)
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where ŵ∗
t =
´ 1

0 ŵ∗
h,tdh.

C.6 Optimal wage

Now we turn to the optimal wage (39)

∞∑
s=0

(βξw)sEht

[
Lh,t+s|tΛh,t+s

Xw
t,t+s

µw
t+s

]
=

∞∑
s=0

(βξw)sEht

[
Lh,t+s|tΛh,t+s

1 + µw
t+s

µw
t+s

MRSh,t+s|tEh,t+s[Pt+s]
W ∗

h,t

]
∞∑

s=0
(βξw)sEht

[
Lh,t+s|t

Λh,t+sγ
t+sPt−1

γt+sPt+s

Xw
t,t+s

µw
t+s

]

=
∞∑

s=0
(βξw)sEht

[
Lh,t+s|t

Λh,t+sγ
t+sPt−1

γt+sPt+s

1 + µw
t+s

µw
t+s

MRSh,t+s|tPt−1γ
tEh,t+s[Pt+s]

γtW ∗
h,tPt−1

]
∞∑

s=0
(βξw)sEht

Lh,t+s|t
Λ̂h,t+s

γs

Xw
t,t+s

µw
t+sΠt−1,t+s


=

∞∑
s=0

(βξw)sEht

Lh,t+s|tΛ̂h,t+s
1 + µw

t+s

µw
t+s

ˆMRSh,t+s|tEh,t+s[Πt−1,t+s]
Ŵ ∗

h,tΠt−1,t+s


This equation in the steady-state implies that

∞∑
s=0

(βξw)sL̄
¯̂Λ
γs

(γΠ̄)s

µ̄wΠ̄s
=

∞∑
s=0

(βξw)sL̄
¯̂Λ1 + µ̄w

µ̄w

¯̂
MRSΠ̄s+1

¯̂
WΠs+1

∞∑
s=0

(βξw)s =
∞∑

s=0
(βξw)s (1 + µ̄w) ¯̂

MRS
¯̂

W
¯̂

W = (1 + µ̄w) ¯̂
MRS

20



Now we turn to the log-linearization:

∞∑
s=0

(βξw)sEht

[
exp

(
lh,t+s|t + λ̂h,t+s + xw

t,t+s − πt−1,t+s − µ̃w
t+s

)]
=

∞∑
s=0

(βξw)sEht

[
exp

(
lh,t+s|t + λ̂h,t+s + m̂rsh,t+s|t + Eh,t+s[πt−1,t+s] − ŵ∗

h,t − πt−1,t+s

)]
∞∑

s=0
(βξw)sEht

[
1 + lh,t+s|t + λ̂h,t+s + xw

t,t+s − πt−1,t+s − µ̃w
t+s

]
=

∞∑
s=0

(βξw)sEht

[
1 + lh,t+s|t + λ̂h,t+s + m̂rsh,t+s|t − ŵ∗

h,t

]
ŵ∗

h,t = (1 − βξw)
∞∑

s=0
(βξw)sEht

[
m̂rsh,t+s|t + πt−1,t+s − xw

t,t+s + µ̃w
t+s

]

ŵ∗
h,t = (1 − βξw)

∞∑
s=0

(βξw)sEht

m̂rsh,t+s|t +
s∑

j=0
πt+j − ιw

s∑
j=1

πt+j−1 + µ̃w
t+s


where µ̃w

t = log(µw
t ) − log(µ̄w) ≈ log(1 + µw

t ) − log(1 + µ̄w).
Using the labor demand (14) at period t + s for a given wage set at t, we have that

Lh,t+s|t =
(

W ∗
h,tX

w
t,t+s

Wt+s

)−
1+µw

t+s
µw

t+s

Lt+s

Lh,t+s|t =
 Ŵ ∗

h,t

γt+sPt−1

γt+sPt+s

Ŵt+s

Pt−1

Pt+s

Xw
t,t+s

−
1+µw

t+s
µw

t+s

Lt+s

Lh,t+s|t =
 Ŵ ∗

h,tX
w
t,t+s

γsŴt+sΠt−1,t+s

−
1+µw

t+s
µw

t+s

Lt+s

Since X̄w
s = (γΠ̄)s, Π̄−1,s = Π̄s+1, and ¯̂

W ∗ = ¯̂
W Π̄, we have that L̄h = L̄. Log-linearizing implies

lh,t+s|t = −1 + µ̄w

µ̄w

ŵ∗
h,t + ιw

s∑
j=1

πt+j−1 − ŵt+s −
s∑

j=0
πt+j

+ lt+s (C.7)

where the first equality uses that log
( ¯̂

W ∗X̄w
s

¯̂
W γsΠ̄s+1

)
= log(1) = 0. and the second uses that – analo-

gously to the indexation scheme for prices – xw
t,t+s = ιw

∑s
j=1 πt+j−1.
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The MRS at period t + s for a given wage set at t is given by

m̂rsh,t+s|t =
(

1
1 − φ/γ

)
(ch,t+s − φ/γch,t+s−1) + χlt+s|t

=
(

1
1 − φ/γ

)
(ch,t+s − φ/γch,t+s−1)

+ χ

−1 + µ̄w

µ̄w

ŵ∗
h,t + ιw

s∑
j=1

πt+j−1 − ŵt+s −
s∑

j=0
πt+j

+ lt+s


Using the fact that ch,t = ct for all h and the average MSR, mrst, we have that

m̂rsh,t|t+s = m̂rst+s − χθw

ŵ∗
h,t + ιw

s∑
j=1

πt+j−1 − ŵt+s −
s∑

j=0
πt+j


where θw ≡ 1+µ̄w

µ̄w .
Substituting it back into the optimal wage

ŵ∗
h,t = (1 − βξw)

1 + χθw

∞∑
s=0

(βξw)sEht

m̂rst+s + χθwŵt+s + (1 + χθw)
 s∑

j=0
πt+j − ιw

s∑
j=1

πt+j−1

+ µ̃w
t+s


Following similar steps of the optimal price equation, we can rewrite the optimal wage as

ŵ∗
h,t = (1 − βξw)

1 + χθw

Eht [(m̂rst + wt + (1 + χθw)πt + µ̃w
t )] + (1 − ιw)βξwEht [πt] + βξwEht

[
ŵ∗

h,t+1

]
= (1 − βξw)

1 + χθw

Eht [(m̂rst + wt + µ̃w
t )] + (1 − ιwβξw)Eht [πt] + βξwEht

[
ŵ∗

h,t+1

]
Integrating over h:

ŵ∗
t = (1 − βξw)

1 + χθw

E
(1)
t [(m̂rst + wt + µ̃w

t )] + (1 − ιwβξw)E(1)
t [πt] + βξp

ˆ 1

0
Eht

[
ŵ∗

h,t+1

]
dh (C.8)
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