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A Derivation and log-linearization of households’ problem

A.1 Euler Equation

We first detrend and log-linearize equations (34) and (35) in order to get the usual Euler equation
for consumption.

Detrending equation (34) we have
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We log-linearize the equation above
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Using the steady-state result A, = [C’h (1-— gp/’y)rl we find
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Y Y

Rearranging terms
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o/ s 1_#
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The detrended version of (35) is
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We now log-linearize the equation above

R-
AL(1 4 Ep[Ang]) = fﬁAhEht [1+ Apti1 + 71t — Tga]

Using the steady-state result that II/R = 3/ and rearranging terms

En[Ant] = Ent[Angs1 + 10 —

Substituting (A.1) into (A.2) implies
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Rearranging terms
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Using the result ¢, = ¢; for all h and integrating over h, we get

(A.1)

(A.2)
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En {771;1 - 77?}
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A.2 Equilibrium condition for investment

We use equations (37) and (35) to get an equilibrium condition for investment.
_ Puy

Dividing each term of equation (37) by Ap:P; and using the definition Qp,; = oE
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We now detrend the variables to get
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We now log-linearize the equation using the following approximations
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We will have
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We arrive to
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Rearranging terms, we get

1 1 .
Iht = <1+5> Ihi—1 + (&) Eptlints1] + (S”(l—FW> (Qh,t + By [Uﬂ +m — By [Wt])

Using the result ¢, = 4, and g = ¢; for all h and integrating over h, we have

1 1 ,
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A.3 Asset pricing equation for capital stock

We start detrending equation (36) by dividing each term by Ay, P, and using the definition of Q)

Oni = ——Ene [Ansr (B aUniss — a(Unei))] + (1 = )~ Ene [Qnesihngn]
%/\h,t 'VAh,t

We start log-linearizing using the following approximation

a(Unsy1) =~ a(Uy) +a' (U (Unsi1 — Up) = RF(Upiq — 1) = RFup g

We now use the following steady-state results to simplify the expression: ) = 1, U = 1 and

R = o/ ()
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Y

(1-0)8
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Simplifying further gives us

Ghy = (1 — (1_75)B> Ew [Tfﬂ} + <<1_76)6> Entlanis1]) + Ene[Anes1] — e (A.6)

We may rewrite (A.2) as
Eht[/\h,t—i-l] - /\h,t = Ep [Wt] — 1 — Epy [Tt — Tg41

Plugging the result above into (A.6) leads to



Ght = (M) Eht[(lh,t+1] + (1 - /8(17_(”) Ent [Tfﬂ} - Eht[Tt - 7Tt+1] - (7Tt - Eht[ﬂt])

Integrating over h, we finally get

G = (M) /01 B[ p1]dh + (1 - M) B [7}{11} — EVlry — mp] — (Wt - Et(l)[ﬁt})
(A7)

If we use the result that ¢, = ¢ for all h, we have instead
1—-90 1-96
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A.4 Law of motion of capital

We first detrend equation (17) to get a log-linear version of the law of motion of capital.
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We now log-linearize the equation

- 1—46\ - - . . )
B+ knt) = (7) Rl ) + (147 (1= S (r(L+ e — ine))) I + ins)

Using the steady-state result I;, = (1 — (1 —6)/7) K,

L4 kpt = (1;5> (14 kne—1) + (L4 0p) (1= S (VL + i — ine-1))) (1 - 1;5> (14 ine)

= Ky = (7) kp i1+ (1 - ’Y) (Zh,t +np =S (v(I +ing — ing-1)) (1 + tht + m))

We use the following approximation



S (7(1 + ih,t - ih,t—l)) ~ S(V) + VS/(W) (ih,t - ih,t—l) =0

We find that

1—-96 1-9)\ /. ;
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ky = (1;5> kit + (1 - 1;5> (i + i) (A.8)

A.5 Capital utilization level

Integrating over h

Based on equation (38), we obtain a log-linearized of the capital utilization function by first dividing
both sides of the equation by P,

P, N
a,(Uh,t)Eht [Pt] = B [Rk ' ]
t—1

We now log-linearize each term and use the following approximation

a’(Uh,t) ~ a'(Uh) + CL”(U}Z)(U}m — Uh) = RF + a"uh,t
This leads to
ﬁ(Rk + CI///Uh’t -+ RkEht [Wt]) = Rkﬁ(l + Eht [Tf + 7Tt])
= uny = (R¥/a") Eplrf]

Integrating over h, we have
uw = (R /a")E{V[rf] (A.9)

A.6 Utilized capital level

Equation (19) becomes



Kp /v = Uni Ky /(77"
= K}ft = Uh,tf(h,t—l/V

= ]fz,t = Upt + Kkni—1

Integrating over h € [0, 1], we get
kf = Ut + kt—l (Al())

A.7 Marginal cost of labor

From the definition of marginal cost of labor (40)

MRSy /7" = LY, (Ch,t/vt — ¢Che1 /(7 VH)
mm = Lif’t (éh,t - @/'Yéh,tﬂ)

We now log-linearize the variables and use the approximation (1 + )X ~ 1 4 xlns

MRS(1+mrsp) = LXC(1+ xlpg) (1 + chs — /7 — ©/7Chi1)
Using the fact that MRS = C(1 — /) LX | we get

(1 +mrspy) <1 — 90) =1- L + (1 — Sp) Xlht + Cht — fch,t—l
Y Y Y Y

We rearrange terms to get

1
mrspy = ( ) (Ch,t — gOch,,H) + Xlnt
1—o/y g

We finally integrate over h to get

1
mrs; = (1 — <,0/7> (ct — p/veir) + Xl (A.11)



A.8 Resource constraint

The resource constrained is defined by equation (29) as follows
Y; =Ci+ I + a(Uy) K; + Gy
Log-linearizing each term leads to
Y(14y)=Cl+c)+I(1+i)+ KRu+G(1+g)

We use the steady-state result that Y = C' + I + G and divide each side by Y to simplify the
expression above to
Yt = CyCy -+ iyit + Rkk‘yut -+ 9yt
where ¢, = C/Y i, =I/Y, K, = K/Y and g, = G/Y. We now derive a formula for g, by noticing

that government expenditures follow the rule below
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Plugging the result above into the log-linearized version of the resource constraint implies

1 (C I R'K
Y = <Ct + =1 + 7}—/ Ut + nf) (A12>

1—g, \Y Y
B Derivation of firms’ problem

B.1 Cost minimization problem

in Ey |\W,L;, + RFK; | —~'®
{Kfiil’l{li’t} t[ tLgp 4 U HG 7Py
st Yig = AKS LT

where A; follows

log(A;) = pglog(As_1) + & (B.1)



Lagrangean:

min L = Ej [WtLZ-,t + Rsz‘,t — D, + i [Yz‘,t — AtthLz‘l,t_aH

{Kit,Lit}
FOC:

By [Yid]
Liy

Ei [VVt] = (1 - Oé)ﬂz‘,t

Ei [Yid]
Kiy

E; [Rﬂ = Qflig

Dividing one FOC by another:

E,W)] 1-ak,
Eq[Rf] o Ly

(B.2)

substituting into the production function and solving for K, and Li,t as a function of Y ;:

o By 1o B[R] v,
M t-am R ' [ a Ey[Wi| A
r ql-a 1—a
1—akFbu [Rﬂ a  Ey W Yi
Yie=A K, = K, = ¢ (3
! ' @ By (W] | ! ! l-apE, [Rﬂ A,
Substituting both into the total cost:
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Marginal cost:
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B.2 Price index

The price index is given by

1 1 ey
.
Pt = [/ _P,L t ¢ d'l‘|
0 b
The firms that do not optimize, follow the indexation rule given by

Xy =7 I

where ¢, € [0, 1].
Observe that
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where the last equality uses the definition of P, in period ¢ — 1 and uses the definition of aggregate
_ "
optimal price given by P = [ fol(P{':t) ne di]
1

Dividing both sides by P;’?f and using the definition of II; and X;:

Ht—f =& (Ilwipflﬁl_bp)ié +(1-&) (ﬁt*)ij (B.4)

/\* o Pt*
where P = 5+
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B.3 Optimal price

max i E;Eit [At,tJrs (ZD;tXt,tJrsKJrSlt - C(Yt“’“))}

{Pi*,t} 5=0
_1+Apyt+s
PiiXepps | Foees
st Y P t+s
t+s
s 1—¢
(I JIw), for s > 1
Xt,t—l—s -

1, for s =0

Atts uc(0t+s> P,
A R — S — S
b 5 /\t 6 uc<Ct> Pt+3

where Y ,; denote the output from period ¢ + s given that the last price update was done in

period t.
FOC:
- S [ 1 + )\ S * Y S 1 + )\ S Y S
ngEit At,t+s <Xt,t+sY;5+s|t - (/\W> Ptit t+s ;_* i +CI(Y2+8M) < )\ il ) ;_* |t>‘| = O
=0 L Dt+s it p,t+s it
N Xiits 14+ Nptas\ MCjiis
Y B At,t+sYt+s\t <— bete 4 ( s ) *’t+ >] =0 (B.5)
s=0 )‘p t+s /\p,t+s Pz',t
o s Xitrs | o= s T4+ Apirs ) MCiis
> & Ey At zt+syt+sz\t)\H+ ] = &Ey l/\t,ﬁrsYHst < \ a > P*’H ] (B.6)
s=0 Dyt+s s=0 p,t+s it
B.4 Wage-setting problem
min —Ep lZ(ﬁ&u)sv (Lh,t+s|t)‘|
{W;: t} s=0
W X 71+Hw,t+s
S.t. L s = 7}7/ ¢ ¢ t+5> s L s
hyt+s|t < W t+

PiisChiprs + PipsIniys + Bhits + Prpsa(Unpis) Knpys—1 + Qryst1,tAn s
= Riys—1Bhits—1 + WhissLp s + Rf+sUh,t+sKh,t+s—1 + Py Antys—1 + Thiys
Whits = Xio s Wi
(O =) Ty (i) i s> 1
if s=0.

X’LU

tt+s —

where Y ,; denote the output from period ¢ + s given that the last price update was done in

period t.
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The Lagrangean of this problem is given by

L= Z(ﬂfw)sEht [V (Lh,t+s|t> + Anigs (RtJrsleh,tJrsfl + X Wi e Lyt + Rf+5Uh,t+sKh,tfl+
s=0
Pt+sAh,t+sfl + Th,tJrs - PtJrsCh,tJrs - Pt+s[h,t+s - Bh,t+s - Pt+s@(Uh,t+s)Kh,t+sfl - Qt+5+1,tAh,t+S)]

Note that the Lagrangean multiplier of this problem is equal to the marginal utility of consumption,

Ah,t+s~
The optimal condition for setting the wage of differentiated labor, Wy, is

— s w ]' + 4 S w 1 + lu’w S L LTS
0= Z(ﬁ§w> Eht [(Ah,t+s (Xt,t+5Lh,t+s|t — Mw/”LtJthj-‘rstXt,tJrs) + w i vl (Lh,t—i-s) s |t>‘|
s=0

t+s Hits W}t,t
. Xites | L+ uh sV (Ligs)
0 = ﬁfw)sEh [Lh, S Ah, s ( L + w bs . *
SZ:;)( ' i " :LL%U—I—S :ut—I—s Ah,tJrsWh,t

Using the FOC from households’ problem and the definition of the rate of marginal substitution

between labor and consumption, one can see that

V' (Lbpalt)

A = L%7t+s|t(ch,t+s - go/lych,t—l—s—l)Eh,t—l—s [Pt—l-s]
h,t+s

= MRSh,t+s|tEh,t+s[Pt+s]~

Thus, the wage-setting equation can be written as

= Xpo & 1+ 1. MRSh st Enss|Pros
> (B&w)’ Eny [Lh,t+s|tAh,t+s t£+ 1 = (B&w)*En [Lh,t+s|tf\h,t+s wuH ol Bhetal Prvl

*
s=0 Hits s=0 Hits Wh,t

(B.7)

B.5 Labor packers

There is a continuum of households indexed by h € [0, 1] who supplies differentiated labor services
that are imperfect substitute for other households’ labor services. Asin 7, it is assumed that there

are “employment agencies” that combines households’ labor supply using the following aggregator

1 L Ity
L, = ( / L, dh) , (B.8)
0

where p}” denote the agency’s wage mark-up such that log(1+ p}’) = log(1 + i’ 1) + 1. In turn,

n,’ follows the process
m= punily T el & ~ N(0,0y). (B.9)
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Agencies pay for each household A their wage, W), ;, and sell a homogeneous labor service to

intermediate firms at a cost, W,. Therefore, they maximize profits
1
WL, — / Wh+Lpdh (B.10)
0

subject to (?7?). Thus, the demand labor for each household h is given by

Lhyt—(Whvt) L, (B.11)

w

_1 —n
where W, = ( f01 (Whe) * dh) t is the nominal wage index. Given the optimal prices and the

indexation rule, the price level has the following law of motion

IR R

Wi = e (T W) 7 o (- )9 | (B.12)

where Wy = [ Wy ,dh

C Log-linearization of firms’ problem

Denote x; = log(X;) — log(X). We are using the Uhlig’s method of linearization for most of

equations.
C.1 Marginal cost
Equation (B.2)

EaW)] 1-akK, E.W)/P] 1-akK, E«Wi| 1-ak,
: = = = - =
E; [Rf_ o Ly L [Rf /Pt] o Ly = B, [Rf] o Ly

WE«|e™] 1-ak , .
—_ = = —e" v
]A%k Ej {672? a L
Ey [ew’ ,
1 ekz,t*li,t
]
Eit et

where last equality uses the same equation in the steady-state.
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Log-linearizing each term:
Ey [1 + ]
Eif [1+ 7]
1t By [thy] = (14 kiy — lig) (1 + B [F])
Bt [Wy] = ki — liy + By [fﬂ

=1+ kip — lig

where last equality uses the fact that z;y; = 0 for any pair log-deviation from steady-state, (z, y:).

Marginal cost (equation B.3)

(1= )WiEy [R| + aRFE W) | 1

(1 — a) B (Wi B [RE] ] A

MC;,/P, = _(1 — a)(Wy/ P,) By [Rf/Pt} + Oz(Rf/Pt)Eitl[j/Vt/ﬂ] 1
’ (1 — a)i=oE; [W,/P)* Ey [RE/P] A

(1 — O./)WtEit [}A‘Eﬂ -+ Cl{fszit [Wt} 1

MCZ‘J -

Mciat = NIET ~ql-a| g
a*(l —a)l=*Ey {Wt} Eit [RH A
_ _(1 — )W RFeap(id, + By [fﬂ) + oW RFexp(7F + Ey [iy]) 1
MCexp(me;) =

ac (1 — ayl=eWa(RE)-eeap(ay [ir] + (1 — a) By [#F]) | erpla)

[(1 — a)exp(d, + By [ff}) + aexp(Ff + Ey [iy))
cxp(a By [in] + (1 — ) Ey [#F])

exp(mey + a) =

where last equality uses that MC = %

Log-linearizing each term:
(1= a)(1+ by + By [7f]) + a(1+ 7F + By [iy])
1+ @By [dn] + (1 — a) Ey | ]
(14 meig + a)(1+ @By [ih] + (1= a) By [77]) = (1= @) (1 + 1 + Ey [7]) + (1 + #f + Ey [itn])
L+ meiy + ap + aBy [in] + (1= a) By [7f] = (1= a)(1+ by + By [7f]) + a(1+ 7 + By [ii])

1+ mei +ar =

me;y = (1 — a)wy + aff — ay

Note that mc;; does not depend on i. It comes from the fact that the production function has
constant returns to scale and, as it turns out, the heterogeneity of expectation does not play an

role in the cost minimization problem up to the first order approximation. Thus, we can simply
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drop the ¢ such that

me; = (1 — o)y, + aff — a,

C.2 Production function of intermediate producers

Production function:

1—

Yiie = en?th (’YtLi,t) " - VP,
We first detrend the variables to get

A

L oM plea
it = €7 Kz‘,th‘,t o,

We move the term @, to the left-hand side of the equation and log-linearize it as follows
log(V;; + ®,) — log(V; + ®,) = n° + akis + (1 — @)l

We may rearrange the left-hand side of the expression above to get

Y;

log(Viy + ®,) — log(Y; + ®,) = ———y,
og(Yis p) — log(Y; + @) Y+ q)py it
We conclude that B
Vi+d,
yi,t - Y £ (nt + Oék;i,t + (]. — O{)li)t)
Integrating over i, we finaly get
Y +o, .
b= L (e + ak, + (1 — a)ly) (C.1)

C.3 Price index

Price index (equation B.4) requires a different log-linearization rule. Consider X; = Y;?*. Then,

xy = Z(log(Y)z + y¢) Applying this to equation (B.4):

1

Ht_g =& <H1L5p_1ﬁl_Lp>_% +(1- fp) (IS:> "

(~tog D + ) = =& ( (oM + ymi-0)) (1= 6)

(—log(I1) sy + p7),

yl‘ —_

1
Ap

P
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which rearranging leads to
T = EptpTe—1 + (1 — §)P; (C.2)

C.4 Optimal price

Optimal price (equation B.6):

1 + )\p,t—i-s) MCi,t+s‘|
)‘p,t+s P:t

1+ >\p,t+s> MCipys P Pt—&-s]
Pus Py P
I+ )\p,t—i—s) Mci,t+sHt—17t+s
Py,

Zf;Eit At,t+s}/;t+s|t7 = Zf;Eit At,tJrsY;tJrshﬁ (
s=0 L s=0 L

o] B ] o] B
s s
Z ngit At,t—l—sY;—i-sH = Z ngit At,t+sY2+s|t < )\
s=0 L s=0 L D,t+s
o] B X 7]
s t,t+s
Z prit At,t+sY2+s|t )\
5=0 L D,t+s |

B -
S

= Z prz‘t At,t+sYt+s|t ( \

s=0 p,t+s

P, ~ . . -
where I1,_1 45 = 52 = 35 Iliyj and P}, = P,/ Py If we stationarize P, by F;, we wouldn’t

be able to take it as known by firms, since P, is unknown. Thus, we proceed dividing by P, ;.

The equation above can be rewritten as

= s [ X, s = s 1+ A s Mcz SH - s

ngEit At,t—&—s}/t—&—s\t /\t7t+ ‘| - ngEit At,t+sY;+s|t ( /\ s ) 7t+/\* s ]

s=0 L Dyt+s s=0 Dt+s Pm

= s [ X, s = s 1+ A s MCZ SH - s

prEz‘t At,t+sn+stm_1 = - prEit At tysYigsle < cdas ) e 1L

5=0 L )\p,t-‘rs 5=0 >\P7H‘S P;:t

< [AYX, :

;)prit ;\p erp (/\t7t+s + Ytts|t + Teprs — >\p,t+s)‘| =

AL+ N MO - A .
Z prz‘t ( 3 ’% exrp ()\t,tJrs + Yigslt T Tepqs T Apits — Apigs + MCipys + Ty145 — pi,t)
s=0

equation above can be written as

o0

Z(ﬁfp)sEit [exp ()\t,t«l»s + yt_i,_s‘t + xt’t+s — 5\p,t+s>:| —

s=0

i(ﬁfp)sEit [exp ()\t,t+s + Yttsjt + MCitts + M1 tts — ﬁ;’"t”
s=0
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Loglinearizing leads to:

Z(pr)sEit [1 + Attrs T Yeysit T Toprs — 5\p,t+s} = Z(ﬂfp)sEit[l + Ayigs T Yigs)t + 1C; 145
s=0 s=0

Ak
t Mi—1t4s — pi,t]

o0 o0

D (B&)° Bit (e = Apaes| = D (B6)" Eir iy + Mo res — Bl
s=0 5=0
ﬁzt . . SE ~ X
- 5&) = Zo(ﬁgp) it {mci,tﬂ + M1t4s — Tttts T p,t+s}
Py = (1= 5&) D (8&)° Ex [mci,t+s T Ti—1t4s = Trprs T S‘I’vt“}
s=0

Note that for s > 1 we have that

s

Xt,t+s = H (Hiijflﬁlﬂp)

j=1
ﬁs@ﬂf])(xt,tﬂ) = ﬁsel'p (Lp Z 7Tt+j1>
j=1
Log-linearizing we find that:
Ttts = bp Z T4j—1 (C.3)
j=1

and z;; = 0 by the definition of X, ;.. Analogously, we have that
T—1t4+s = Z Tetj
§=0

Using equations (C.3-C.4) and the fact that the marginal cost does not depend on ¢, the optimal

price is given by

ﬁ;k,t = (1 - 551:) Z(@fp)sEz‘t MCiys + Z T+ — lp Z Tyj—1 + 5\p,t+s
s=0 j=0 j=1
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Now we use the usual trick to rewrite p;, recursively.

piy = (1—B&) Z(ﬁfp)sEﬁ MCts + Z Tt4j — lp Z Titj—1 7+ S‘PHS]
s=0 §=0 j=1
= (1= B&) Eu [miicy + 0+ A
+ (1 — B8&) Z(ﬁfp)sEz‘t MCrys + Z Tit+j — Lp Z Tirj-1 1 :\p,t-i-s]
s=1 =0 =1

— (1= &) By [y + 0+ Ay

00 s+1 s+1 B
+ (1= B&) Y (BE) T By |Miciprssn + > Tewj — tp D Tepjo1 + /\p,t+s+1]
$=0 =0 =1

= (1 - B&)Eu [Tﬂct + T+ Xp,t}

00 [ s+1 s+1 5
+ (1= B&)B D (BE) By | Miciysp + T+ Y Ty — 1y (Wt +> 7Tt+j—1) + )‘p,t+s+1]

5=0 j=1 =2

= (1 - B&) By [mct + m + /N\p,t} + B (1 — 1p) Eig [m]

+ (1 = B&,)B88 Z<5£p>sEit MCityst1 + Z T+j+1 — bp Z Tigj + 5‘p,t+s+1]
s=0

§=0 j=1

where the second equality separate the s = 0 term from the summation and the third redefines the
summation counter as s = s — 1. The fourth equality separate the first term from the summations
inside the brackets, and the fifth redefines the summation counter as j = j — 1 and solve the
infinity sum for terms that do not depend on s.

Taking the expectation of the optimal price one-period ahead leads to

Eit[ﬁzt-&-l] = (1 - 5fp) Z(ﬁfp)sEﬁ Ei,t+1 mci,t+s+1 + Z Titj+1 — bp Z Titj + 5\p,t+s+1”

5=0 j=0 j=1

= (1 - 55;0) Z(ﬁfp)sEﬁ mCi,t+s+1 + Z Tt4j+1 — lp Z Tyj + 5\p,t+s+1]

5=0 §=0 j=1

where uses the law of iterated expectations (LIE) (which hold for i-th expectation but not for the

average expectation). Thus, the optimal price can be written as

B = (1= B&) Eix [mce + Ay | + (1= 0,86) Bt [m] + B& Eit [P 4.1 (C.4)
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Finally, we need to aggregate the optimal price to find the NKPC. Aggregating p;, leads to

pf=(1—- pr)Et(l) [TﬁCt + :\p,t] +(1— Lpﬁfp)Et(l) [me] + B /01 17 [ﬁzt—i—l] di

Denote the average of the individual expectations about their own future optimal price as
]E]ﬁl)[p;;t = fol Ey {ﬁzt +1} di. Note that it is different from the average expectation about the
. . 1) [ . 1 - , 1) [A
average optimal price Elf ) {p;"ﬂ} (ie., [y Eu [pmﬂ} di # Et( ) [p;jrl}).
Substituting into equation (C.2) leads to the NKPC under heterogeneous information and

indexation

T = Eplpm1 + (1= &) ((1 - pr)Et(l) [mct + 5‘p,t} +(1- Lpﬁfp)Et(l) [m] + prEgl)[ﬁ,tHD

- C.5
T = EplpTi—1 + ’ipprt(l) [mct + )‘Pvt} + (1 —=&)(1 - Lpﬁgp)EfFl) [me] + (1 — fp)ﬂgp]El(fl)[ﬁ;t—s—l] €

(1-8p)(1-5&)

where k), =
D

C.5 Wage index
Wage index (24):

w
1 —Hy

Wt = |:§w (VHéilﬁliLthfl)_ﬁ + (1 - Sw) (Wt*) H?}

1 1
—1_, Wi Pt—1>_“7 ( | Pt—1>_“%ﬂ
w Hbf Hl Ly + 1 — w t
¢ ( o V1P P, (1= 8) VP1 P

w

—pl

W,
VP

—_ 1

1 1

(Wally) 7 = & (g W )7 4 (1= ) ()

L

_ L S N
Note that in the steady-state: (Wﬁ)_%” =&y (ﬁW) T (-6 (W*) , which implies
that T* = WII.

Following the same log-linearization technique from the price index leads to

1 — A N 1 s w -~
(—=log(IIW )" + Wy + ) = —&u (w(—log(HW)ut + LyTi—1 + wt1)>

w

I
1 = * w A~k
- (1- §w)ﬁ7(—log(W i+ 07),
which rearranging leads to
Wy + T = & (L1 + Wy—1) + (1 — &)Wy (C.6)
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. 1.
where w; = [ wj, ,dh.

C.6 Optimal wage

Now we turn to the optimal wage (39)

o s Xw s o s 1 + w s MRS S E S P S
Z(ﬁgw) Eht [Lh,t+s|tAh,t+s thr ] = Z(ﬁgw) Eht th,t+s|tAh,t+s wﬂt+ hottelt *h7t+ [ ax ]
s=0 Hi+s s=0 Hits Wi

> Ay, t+s’yt+5Pt71 X;l;f-f—s
BEw) Ep, [Lh, slt— w
Z( )V Ehs relt YT P g Hits

5=0
> Ay P 0 1 W MRS st P17V Enggs [ Pras

= > (56)" Eu [Lhmt N ”W
s=0 v Pt-‘rs Hits 8 Whﬂff)t—l

0 . Ah . Xw .
Z(ﬁgw) Eht Lh,t—l—s\t 77;"' - tt+
=0 MtJrsHt—l,H_s

e} s N ]."’llzws]\4'AR»S(h7 s Ewh7 SH*L B
- Z(ﬁﬁw) Bt | Lhrslt N s — bt lan *It ts e 114s]
- Hits Wil 146

This equation in the steady-state implies that

oo A (T & 14 ji” MRSTI**!
WL S e, LA 2
X6 B i = R A=
> > i) MRS

S (86a)" = Do) L)

s=0 s=0

W= (1+a“)MRS
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Now we turn to the log-linearization:

(e 9]

Z(ﬁfu})sEht [emp (lh,t+s|t + 5\h,tJrs + xi’fm — M—1t+s — /];U—‘,—s>:|
s=0

Z BEw)" B [exp (lh t4slt T A s T Sh e A By [T p4s) — Wy, — 7Tt71,t+s)}

Z BEw)’ Ent {1 + lpgsie + )\h s + T s — Tt—1t+s — ﬂﬁs]

Z BE&w)" En [1 + Uppsit + T ) ttslt — @@Zt]

wZ Gt ( Bfw) Z(ﬂgw)sEht [m%sh,t+s|t + Mp14s — $?jt+s + /]’;U—&—s:|

s=0
[e.e] S S

1?122 bt ( Bfw) Z(ﬂgw)sEht mATSh,t+s\t + Z Tts — lw Z Titj—1 + /111:”+5
s=0 4=0 j=1

where [ii = log(p") — log(n*) & log(1 + ") — log(1 + ).
Using the labor demand (14) at period ¢ + s for a given wage set at ¢, we have that

T+
w - w
I (Wi X Hets I
h,t+st — W, t+s
t+s
T+
T7* t T
I B Wh7t ¥ +8Pt+s Pt—l w t+s I
ht+s|t = = tt+s l+s
VP Wips Pras
A 71+ut+5
* w ny
I . Wi Xihes s I
h,t+st — 13 t+s
Y Wt+sHt—1,t+s

Since X = (yI1)*, TI_; , = II°*!, and e — ﬁ/ﬁ, we have that L, = L. Log-linearizing implies

s

S
Ak A
Wy 4 + Ly Z Mtj—1 — Wiys — Z Tiyj
Jj=1 j=0

14 v
lh,t+s|t -
[

+ lips (C.7)

w

where the first equality uses that log < Wy ) = log(1) = 0. and the second uses that — analo-

sTIs+1
w —_ S
gously to the indexation scheme for prlces — T = bw 25—y Tigj—1
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The MRS at period t + s for a given wage set at t is given by

1
Mrspirsit = | = | (Chits — ©/VChirs—1) + Xletst
s 1— o/ t+s — P/ VCht+ Xbt4s|

1
= <> (Ch,t+s - @/Vch,t+s_1)

1—¢/

1+
+ ( w’u + lt+s>
i

Using the fact that ¢, = ¢; for all h and the average MSR, mrs;, we have that

S
wht + tw Z Mtj—1 — Wiys — Z Tt
j=1 7=0

M Shtltgs = MTSpys — X0u

S S
UAJZ,t + Ly Z Tipjo1 — Wigs — Z Tty j
j=1 5=0
where 6, = 1;5“’.

Substituting it back into the optimal wage

1—8&,) & s
wi,t = (14_5210) g(ﬁfu}) Ey

Mrsis + X0uwWips + (1 + x0w) (Z Titj — lw Z 7Tt+j—1) + s

J=1

Following similar steps of the optimal price equation, we can rewrite the optimal wage as

Wy, = q;—)fg:)Eht [(mirsy +we + (14 x0uw) T + f1)] + (1 = tw) 8w Ene [7] + BEw Ent {@Z,HJ
(1 — 5&4})

= mEht [(mirs; +wy + 1)) + (1 — t0Bw) Ene [111] + BEwEm [@Z,Hl]

Integrating over h:

Ak (1 B 5&1})

1
= s B (s et )]+ (L= B B [m] + B / Bne [, 41 dh - (C5)
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