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Abstract

We examine the macroeconomic implications of information frictions in a medium-
scale DSGE model. We develop a solution method for dispersed-information DSGE
models that accommodates endogenous states, and estimate the model using Bayesian
methods using macroeconomic and expectations data. We assess the relative impor-
tance of standard rigidities, learning, and higher-order expectations. Fitting expec-
tations data requires strong information frictions, which dampen general equilibrium
effects and shift the relative importance of shocks driving fluctuations. Information
frictions are crucial for hump-shaped inflation responses and can replace most stan-
dard frictions. Habit formation remains a key exception, becoming more important
when expectations data are included.
Keywords: Business cycles, DSGE models, information frictions, higher-order beliefs.
JEL Codes: E31, E32, D83, D8&4.

1 Introduction

Workhorse medium-scale models in the tradition of Christiano et al. (2005) and Smets and
Wouters (2007) reproduce the persistent and hump-shaped responses of macroeconomic ag-

gregates by relying on habit formation, adjustment costs, and indexation, while retaining
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full-information rational expectations. These models are usually estimated on macroeco-
nomic variables alone, not confronting that assumption with data on expectations, even
though expectations are a key channel through which shocks propagate.! Evidence from
survey forecasts, however, shows systematic departures from full-information rational expec-
tations, in the direction that slows the transmission of shocks: average forecasts underreact
to news (Coibion and Gorodnichenko, 2012, 2015).?

These empirical tests were motivated by a theoretical literature showing that information
frictions generate sluggish responses to shocks, serving as an alternative source of persistence
(Mankiw and Reis, 2002; Woodford, 2002; Sims, 2003). Angeletos and Huo (2021) sharpen
this into an equivalence between incomplete information and standard inertial mechanisms
in a simple framework. To our knowledge, the relative importance of these two types of
frictions has not been quantified using both macroeconomic and expectations data.

This paper measures the extent to which information frictions can substitute for these
inertial mechanisms. We estimate a medium-scale DSGE model with dispersed information
alongside habit formation, adjustment costs, and indexation, using data on U.S. macroe-
conomic aggregates and survey forecast revisions. Solving this model requires accounting
for endogenous states as well as the hierarchy of beliefs arising from agents’ expectations of
others’ decisions (Townsend, 1983). We contribute on two fronts: an extension of existing
truncation methods that accommodates endogenous states and a quantitative assessment of
the role of information frictions in business cycle dynamics.

Fitting the expectations data requires strong information frictions: agents incorporate
only a quarter to a half of most shocks into their beliefs on impact. Macroeconomic ag-
gregates alone identify these frictions weakly. These frictions dampen general equilibrium
feedback, shift the relative importance of shocks driving fluctuations, and generate hump-
shaped inflation responses that the estimated full-information model does not produce. In-
formation frictions can substitute for most standard inertial mechanisms. Habit formation
is the exception: removing it substantially lowers the marginal likelihood when expectations
data are included. Without habits, the model relies on a more persistent preference shock to
match consumption persistence, at the cost of excessively persistent revisions to consumption

expectations.

IDel Negro and Schorfheide (2013); Smets et al. (2014); Miiller et al. (2022) include survey expectations
among the observables when estimating DSGE models under full information. See Milani (2023) for a review
of the use of expectational data in DSGE models.

2The underreaction of consensus forecasts coexists with overreaction at the individual level (Bordalo
et al., 2020) and with over-extrapolation to recent events (Kohlhas and Walther, 2021).



Solution method. Our methodological contribution is a solution algorithm for log-linear
DSGE models with dispersed and exogenous information that remains feasible for larger-
scale applications. The method bridges Uhlig’s (2001) undetermined coefficient method for
full-information models with the solution methods from Nimark (2008) and Melosi (2017)
for dispersed information models that truncate the hierarchy of beliefs to a finite order.
Our method advances these approaches in two ways. First, it accommodates endogenous
state variables in the log-linearized equilibrium conditions under dispersed information, ex-
panding the class of models that can be solved via the truncation approach. Second, it em-
ploys a representation of the system of equations that depends only on average expectations
rather than requiring equilibrium conditions written in terms of higher-order expectations.
These two features simplify the equilibrium conditions, so that the implementation is only
marginally more involved than solving a standard full-information model. The algorithm is

sufficiently fast to perform Bayesian estimation with standard techniques.

Application in a quantitative model. Our applied contribution is to estimate a canon-
ical medium-scale DSGE model along the lines of Smets and Wouters (2007) (henceforth,
SW) augmented with dispersed information. In the model, neither firms nor households
observe the underlying aggregate shocks perfectly. Each agent receives noisy idiosyncratic
signals about the shocks and forms expectations rationally conditional on them. Unlike prior
work that estimates small-scale New Keynesian models under dispersed information (Melosi,
2014, 2017), our framework nests the standard frictions of the SW model alongside infor-
mation frictions. We estimate it on U.S. macroeconomic time series and average forecast
revisions from the Survey of Professional Forecasters (SPF).

We use this framework to examine how shocks propagate when agents are imperfectly
informed, which shocks drive real and nominal fluctuations, the relative roles of learning
about shocks and higher-order expectations, and whether information frictions can substitute
for standard inertial mechanisms in fitting both macroeconomic and expectations data. To
answer these questions, we compare two specifications, a baseline model with dispersed
information (DI) and a restricted version under full information (FI), each estimated on two
datasets: U.S. macroeconomic aggregates only, and the same aggregates augmented with
survey expectations data. This design separates the effect of including expectations data in

the estimation from the effect of including information frictions in the model.

Estimated degree of information frictions. We quantify information frictions about
each structural shock using the steady-state Kalman gain, the weight agents place on new

information when updating their beliefs. Our simple information structure implies that the



Kalman gain ranges from one (full information) to zero (“no information”).

By incorporating expectations data into the estimation, we document three key findings.
First, the DI model fits the expectations data substantially better than the FI model, with
a marginal likelihood over 200 log points higher. Second, we find strong and pervasive
information frictions. Most shocks have precisely estimated Kalman gains that lie roughly
between 0.25 and 0.50, implying that agents’ beliefs about a given shock incorporate only a
quarter to a half of its realization, with the remaining weight on their previous beliefs. Two
exceptions sit at opposite ends of the scale. Learning about monetary policy shocks is faster,
with an estimated gain of 0.72 whose 90% credible interval excludes the full-information
benchmark of one. At the other extreme, the gain on the TFP shock is estimated at 0.01,
implying that beliefs about technology barely respond to new information.?

We validate these structural estimates using a regression based on the joint behavior of
observed average forecast errors and revisions, along the lines of Coibion and Gorodnichenko
(2015). We compute the implied information frictions from data simulated at the posterior
mode of the DI model and compare them with those obtained from the same regression
estimated on SPF data. The model-implied Kalman gains are close to the SPF estimates,
whereas simulations based on the prior, or on estimates that use macroeconomic data only,
perform markedly worse.

Third, expectations data are essential for identifying information frictions. Estimated on
macroeconomic aggregates alone, the model delivers a different picture: the Kalman gains
of most shocks rise sharply, with some close to the full-information benchmark, while the
monetary policy shock, which has the highest Kalman gain with expectations data, has the

lowest without them.

Can information frictions substitute for standard frictions? Our framework pro-
vides a natural test of the conjecture that information frictions can replace standard inertial
mechanisms, as it nests both types of frictions and estimates them jointly under loose pri-
ors. We re-estimate the model under specifications that remove selected frictions, comparing
marginal likelihoods to the baseline.

Removing all information frictions (the full-information benchmark) reduces the log
marginal likelihood by about 219 log points, more than two and a half times the 83 log
point loss from removing all standard frictions. Most standard inertial mechanisms become

non-essential once information frictions are introduced: shutting down price indexation or

3The technology shock is also estimated to be nearly permanent. Combined with the low gain, this implies
that beliefs are almost entirely anchored on their own past. This configuration has a limited quantitative
footprint: technology shocks account for a small share of the forecast error variance of every observable
except hours worked at longer horizons.



replacing investment adjustment costs with capital adjustment costs each slightly improves
fit, while shutting down wage indexation worsens it only marginally.

Habit formation is the main exception, reflecting a central empirical tension: macroeco-
nomic aggregates are highly persistent, whereas expectation revisions underreact to shocks
and are only weakly persistent. Strong information frictions explain this underreaction, but
they also make it difficult to match aggregate sluggishness without generating overly persis-
tent revisions. Whether additional inertial mechanisms are needed then depends on shock
persistence. Capital adjustment costs, combined with a more persistent investment shock
and somewhat weaker information frictions that raise the persistence of expectations only
modestly, balance hump-shaped investment dynamics with weakly persistent revisions. For
consumption, no such alternative exists: without habits, matching consumption persistence
requires a highly persistent preference shock, which generates overly persistent revisions that

the expectations data reject.

Business cycle dynamics under dispersed information. Having established the rel-
ative importance of each type of friction, we turn to how incomplete information shapes
business cycle dynamics. For both the DI and FI models, the variance decomposition iden-
tifies investment-specific technological and government expenditure shocks as the primary
drivers of output, and price mark-up shocks as the dominant source of inflation variation.
Information frictions instead concentrate each variable’s decomposition on its own shock, the
one that enters its equilibrium condition directly. Agents respond less to aggregate condi-
tions they do not fully observe, which dampens general equilibrium feedback and strengthens
partial equilibrium effects. For instance, relative to full information, price mark-up shocks
account for a larger share of inflation variation, and investment shocks for a larger share of
investment variation.

We compare impulse responses from the DI and FI models to investment-specific tech-
nological and cost-push (price mark-up) shocks, the main drivers of output and inflation
fluctuations, respectively. Information frictions produce a hump-shaped inflation response
to the cost-push shock that the FI model cannot replicate, because the shock is persistent
and price indexation is negligible. The investment shock is less persistent, and aggregate
responses to it are qualitatively similar across models. For both shocks, DI revisions are
attenuated on impact and unwind gradually, whereas FI revisions jump and return to zero
immediately.

We decompose these effects into first-order uncertainty (gradual learning about shocks)
and higher-order uncertainty (uncertainty about others’ beliefs). For both shocks, first-order

learning accounts for essentially all of the attenuation and delay in macroeconomic variables.



Higher-order beliefs matter little for aggregates for two reasons. First, most forward-
looking terms are agents’ expectations of their own future choices, which involve no strategic
uncertainty about others’ beliefs. Second, strategic uncertainty enters mostly through the
dependence of inflation and the real wage on the average expectation of the same variable,
and the coefficients on these terms are small because the estimated price and wage Phillips
curves are flat. Higher-order beliefs matter instead for expectations dynamics: they account
for about a third of the underreaction of forecast revisions on impact and delay their peak,

which is key to the DI model’s advantage over the FI model in fitting the expectations data.

Related literature. Our paper relates to a literature that develops solution methods for
DSGE models with dispersed information. We extend the truncation of the belief hierarchy
in Nimark (2008) and Melosi (2017). An alternative uses frequency domain techniques: Huo
and Takayama (2025) combine the Wiener-Hopf prediction formula with the Kalman filter
to obtain an exact finite-state representation of the equilibrium, which they apply to a small-
scale beauty contest model and a HANK model with incomplete information.* Truncation
instead maps the model into the state-space form used to estimate full-information DSGE
models and keeps likelihood evaluation fast enough for Bayesian estimation at medium scale.

Dispersed information is one of several departures from full-information rational expec-
tations that can generate the persistence usually attributed to standard frictions.> This sub-
stitution has also been explored using models with imperfect common information (Collard
et al., 2009; Collard and Dellas, 2010; Levine et al., 2012) and adaptive learning (Milani, 2007,
2011; Slobodyan and Wouters, 2012).5 Relatedly, other departures from full-information
rational expectations have been added to medium-scale DSGE models and disciplined by
expectations data: imperfect information (Del Negro and Eusepi, 2011), diagnostic expec-
tations (L’Huillier et al., 2024; Bianchi et al., 2024), and adaptive learning (Ormeno and
Molnér, 2015; Milani, 2017; Rychalovska et al., 2026).

Outline. The paper proceeds as follows. Section 2 presents the model. Section 3 describes

the solution method. Section 4 describes the data and the estimation. Section 5 examines

4For other papers using frequency domain techniques to solve dispersed information models, see Kasa
(2000); Kasa et al. (2014); Rondina and Walker (2021) and references therein. Alternatively, Auclert et al.
(2020) use a sequence-space approach to estimate a HANK model under sticky information.

5A complementary literature studies business cycles driven by belief fluctuations and higher-order un-
certainty, through sentiment and confidence shocks (Angeletos and La’O, 2013; Angeletos et al., 2018),
endogenous signal informativeness (Nimark, 2014), and general information structures (Chahrour and Ul-
bricht, 2023). We restrict fluctuations to fundamental shocks, so that the comparison across frictions is not
confounded by belief shocks that could themselves account for part of the dynamics.

6Milani (2011) uses survey forecast data in the estimation while Slobodyan and Wouters (2012) use it
only for validation.



the quantitative implications of information frictions. Section 6 concludes.

2 Model

The model is a standard medium-scale DSGE model along the lines of SW. The innovation of
our application is the introduction of dispersed information to this environment. Specifically,
households and firms do not observe perfectly the shocks hitting the economy. Instead, they
receive noisy idiosyncratic signals about them and form expectations rationally conditional

on this information.

Timing

Time is discrete and each period has two stages. In stage 1, shocks and signals realize,
intermediate goods firms set optimal prices, and households choose consumption, investment,
installed capital, and its utilization level, and set optimal wages, based on information from
their signals. In stage 2, rental rates and wages of differentiated labor are revealed and
production takes place for final goods, intermediate goods and labor packers.

This timing protocol is standard in the literature and ensures two features: intermediate
firms and households use only information from their signals to form expectations and all
markets clear.” Competitive final good firms ensure that the supply of final good matches
consumption and investment demands. Given prices of intermediate goods, differentiated
wages, and rental rate chosen at stage 1, firms allocate capital and labor to accommodate
the demand from final good firms. Finally, given the wages set at the first stage, labor
packers aggregate the differentiated labor services from households and supply homogeneous

labor to intermediate firms such that the labor market clears.

Final good firms

The homogeneous final good Y; is a bundle of intermediate goods, Y;:, where the index

i € [0,1] denotes the continuum of intermediate firms. The production function is given by

1 1 1+p?
= (/ (Vie) e di) > (1)
0

where 47 is the time-varying price mark-up of intermediate goods following the process

log(1 + 1Y) = log(1 + p?) + ¥, and p? is the steady-state value of the price mark-up. The

See for instance Nimark (2008) and Angeletos and La’O (2011).



price mark-up shock follows z{ = p,ay_ + €f, where & ~ N'(0,02).
Final goods firms operate in a perfectly competitive market and sell the final goods to

households for a price P,. They solve a standard profit maximization problem

1
RY; - / P, di (2)
0

subject to (1). From the first-order conditions and the zero-profit condition, we derive the

demand for intermediate production

1+uf

P\ "7
Y, = : Y;, 3
! (P,) ! (3)

_ 1 —uy
where P, = ( fol (Piy) * di) is the price level.

Intermediate good firms

Each intermediate producer is a monopolistic competitive firm i € [0, 1] that uses labor and

capital to produce its goods. Good i is produced using technology
Vi =" (Ki)* (7' Lig)' ™ = 7'®,, (4)

where 7 represents the labor-augmenting deterministic growth rate of productivity and z
is a total factor productivity shock. K;; and L;; denote the amount of capital and labor
demanded by firm ¢ at period ¢ respectively, and ®, is a fixed cost included in the production
function.® The productivity shock follows z¢ = p,z¢ | + %, where ¢ ~ N (0, 02).
Intermediate firms are subject to a Calvo (1983)-like pricing friction: in every period,
only a fraction 1 — &, of firms can adjust prices. Firms not allowed to reset prices apply the
following indexation rule
Py = (IL_)" (ﬁ)lﬂp Py, (5)
where II, = P,/P,_; is gross inflation and I is its steady-state value. Firms that are able
to reoptimize prices choose the level P}, that maximizes their expected discounted flow of

profits given by

Ei,t i(ﬁfp)sAt,Hs [(Xt,tJrsP:t - MCi,t+S) Y;,tJrS] ’ (6)
s=0
1+Hf+s

XearsPF, \ WP . . . .
dlas ”t> AR MC;; is the marginal cost of firm ¢ at period t.

subject to Y; 45 = (

Piys

8Scaling the fixed cost by 4! prevents it from decreasing over time in terms of output.



A1 is the household’s stochastic discount factor between periods ¢ and ¢ 4+ s and X,y is

the indexation between the same periods given by

OO-w)s 15, (107 ,) if s>1
Xt,t+s = = ( " 1) B (7)
1 if s=0.

Given the optimal prices and the indexation rule, the price level follows
1 1

_ 1 1 1 1H

Labor packers

There is a continuum of households indexed by h € [0, 1], each supplying differentiated labor
services. Following Erceg et al. (2000), there are labor packers that hire labor from the

households and aggregate them according to

1 L T+pg
L, = ( / Ly, dh) , (9)
0

where pf denotes the agency’s wage mark-up such that log(1 + p}”) = log(1 + p*) + x}*,

and " is the steady-state value of the wage mark-up. The shock follows the process z}’ =
Pl | + ¥, where ¥ ~ N(0,02).
Labor packers pay the wage W}, for each household h, and sell a homogeneous labor

service to intermediate firms at a cost W;. Labor packers maximize profits
1
WLy — / Wit Ly dh (10)
0

subject to (9). Thus, the labor demand for each household h’s labor service is given by

Wi\~ #
ne=(52) " Lo (1)

w

where W; = < fol (Wh,t)iﬁ dh> B is the nominal wage index.

Households

Household h € [0, 1] maximizes its expected utility choosing consumption (Cj,.), holdings

of government bonds (Bj), installed capital level (K} ;) and its utilization rate (Uy;). The



capital rented to firms, K}*, is determined by the installed capital and the utilization rate.

The objective function that each household h optimizes is given by

) L}ll";X
U = Eh,t Z Bsext+s ln (Ch,t+s — SDCh,t+Sfl> — 71 Ats y (12)
s=0 + X

where C,; is consumption and Lj; denotes the supply of differentiated labor services of
household h at period t. Households’ preferences display internal habit persistence, captured
by the parameter ¢, while x is the inverse of the Frisch elasticity of labor supply. Ej 4[] is
the expectation operator conditional on household A’s information set, and the preference
shock follows 2§ = p.a | + &¢, where £ ~ N(0, 02).

The capital stock K}, owned by household & evolves according to
Kpy = (1= 6)Kns1+ € (1= S(Ing/Ins-1)) Ins (13)

where S(1;/1;_1) is the investment adjustment cost function with the following properties:
S(v) =5'(y) =0, and S”(y) = s” > 0. The investment-specific technological shock follows
xi = pxi | + el where gf ~ N(0,0?).

Households rent to firms an effective amount of capital K}, given by
Ky, =UniKnp1, (14)

where Uy, is the level of capital utilization. They receive RfK;j,t for renting capital but pay
a cost a(Ups)Kpt—1 in terms of the consumption good. This function has the properties
a(U) = 0 and a"(U) = a”, where U is the capital utilization rate in the steady-state.

The households’ budget constraint in each period t is given by

P(Chi+Ini+a(Unt)Kpi—1)+ Bnt < R1Bpi1+WhiLpt+ RfUh,tKh,t—l +Z+The (15)

=; denotes firms’ profits distributed to households and 7} ; denotes net transfers from the
government. Households trade only a nominal one-period risk-free bond By, ;.
Households supply labor in a market with monopolistic competition subject to a wage-

setting friction. Following Erceg et al. (2000), in every period only a fraction 1 — &, of

9Asset markets are incomplete: households cannot insure idiosyncratic wage and expectational risk
through state-contingent claims, so consumption, investment, and capital holdings are heterogeneous across
households. Habit formation is internal: the reference stock is the household’s own past consumption, Ch ¢—1.
We nonetheless assume that households do not internalize the effect of current consumption on next period’s
habit stock. This behavioral friction keeps the Euler equation in its standard form and adds no further
channel through which higher-order expectations operate. See Appendix G for the derivation.

10



households are able to optimize their wages. Those households choose their optimal wage
by setting a mark-up over the marginal rate of substitution between consumption and labor.
Households who are not able to optimize update their wage using an indexation rule given
by

11—t
Wiy = (T—p)"™ (H) YWh -1, (16)

which adjusts wages by the steady-state real growth and a geometrically weighted average
of steady-state inflation (IT) and the previous period’s inflation (IT,_;).

When able to re-optimize, household h chooses W}, to maximize expected discounted util-
ity subject to the budget constraint (15) and the demand for its labor variety (see Appendix G
for the full derivation). In future periods + s, the nominal wage follows W}, ;s = X, Wy,

where

Miee)s T, (T, ) if s>1
X = iﬁy T (M500) - (17)

if s=0.
Given optimal prices and the indexation rule, the aggregate wage level follows

1

W, = [sw (YL I Wy ) 7 4 (1— &) / 1 (Wi)) ™ dh] o (18)

Government Policies

The central bank sets the nominal interest rate according to a standard Taylor rule with
smoothing according to

&_ (Rt—1>¢r & o (Y})‘f’y
R \ R Il Y

where variables with a bar denote the steady-state values. The monetary policy shock follows

et (19)

2} = pyay_ +el, where e ~ N(0,02). For simplicity, we assume that the monetary authority
responds to deviations of output from its steady-state value instead of deviations from the
natural output.

The government budget constraint is the following
PGy + Ry 1By = B+ T; (20)

where T; = fol T} dh and B, are total lump-sum taxes and bonds, respectively. Government
expenditure follows a simple stochastic process given by G/Y = g, + z{, where g, = G/Y is

the steady-state ratio of government expenditure to output and x{ is a government expen-

11



diture shock with process o = pya{_; + €/, where €/ ~ N(0,07).

Resource constraint and market clearing

The aggregate resource constraint
Ct + ]t + Gt + a(Ut)Kt_l == }/t; (21)

is derived by integrating households’ budget constraint over i, and combining it with the zero
profit condition of final goods firms and labor packers and the government budget constraint.

Market clearing in labor, capital markets and government bonds holds such that L, =
f L;di, K = fo K;.di, and B, = fol By, 1dh, respectively.

Information and signal extraction

Intermediate good firms and households do not perfectly observe the shocks driving the
economy; instead, they receive noisy idiosyncratic signals about them. Formally, the signals

follow

Sl = xt + tha U;‘,t ~ N(0, Tl2)a (22)

jit
where [ € {a,c,i,g,p, w,r} denotes each type of shock and j € {h,i} is either a household h
or firm 7, both indexed on [0, 1]. This assumption implies that firms and households receive
signals with the same properties and are subject to the same degree of informational frictions.
Hence, an agent j’s information set is described as

T ={s%, s st s sb sY s 1 <t} (23)

2T T, T, T T T, T T, T T, T -

Given that households and firms have the same unit mass, their average expectation is
the same and denoted by E,|[] fo [ ]dj, where Ej,[] = E[-|Z{] denotes the j’s individual
expectation. Given the AR(1) structure of the shocks and signal structure (22), j’s rational

expectation about the shock x! is computed by using the Kalman filter such that
Ejilat) = Ejolag] + ki [Sé‘,t - Ej,t—l[sé-,tﬂ (24)
where k; denotes the steady-state Kalman gain of shock [ given by

= pi(pr,71) N (25)
Pi(pi,m1) + 1
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where r; = ;—ll denotes the noise-to-signal ratio of signal [ and p;(p;, ;) is defined as the ratio
of the individual expectation steady-state variance and the shock variance. The latter can
be computed using a standard Riccati equation and is a function of the [ shock persistence
and its noise-to-signal ratio (see Appendix B for details). Therefore, the Kalman gain,
k; = k(py,m1), is the key object that measures the degree of informational friction, conditional
on the shock’s parameters.

The average expectation is given by
Eilzy) = (1= k) B [ag] + ki = (1= k) B[] + k. (26)

Thus, the current expectation is a weighted average between the past expectation and the
actual shock, whose weight is given by the Kalman gain.

Ifhy =1 (1 = 0, 1, = 0) the model boils down to the full information benchmark. If
k=0 (1, — 00, r; — 0), the average expectation is zero (the unconditional expectation).!”

Equation (26) helps to understand why and when information frictions can generate in-
ertia. Strong informational frictions (low &;) have two implications for average expectations:
they dampen the response to the actual shock and increase the expectation persistence.
The latter also depends on the persistence of the unobserved shock, p;. For instance, the
expectation has no persistence regardless of the degree of information friction when p; = 0.

These properties are key for understanding shock propagation and whether informational

frictions substitute for standard frictions as discussed in section 5.

2.1 Log-linearized equilibrium

For brevity, the log-linearized equations and detrending procedure are detailed in Appendix A.
The derivation of these equations can be found in Appendix G through Appendix I. Here-
after, lowercase variables represent log-deviations from the steady state of their uppercase
counterparts.

To clarify how dispersed information affects equilibrium conditions, we highlight two key

equilibrium conditions. First, consider the Euler equation:

/v 1 /1 (1-9/7) 7 ¢ e
g =———+C_ 1+ —7F7 Eh,t[ch,t+1] dh — 7Et[rt — 41 + (13 — X )]
1+¢/y L+¢/7 Jo L+¢/y S
This is the same Euler equation as in standard representative-agent models (Smets and
Wouters, 2003) with three key differences due to dispersed information and incomplete mar-
kets.

19Zero is the solution for the equation E[x}] = pyE;_1[x}_,].
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First, expectations are heterogeneous, and hence average expectations replace the full-
information expectation operator. Second, current endogenous variables and structural
shocks are not observed. In the context of the households’ intertemporal consumption deci-
sion, households must form expectations about the current nominal rate, r;, and the current
preference shock, z¢. Third, the forward-looking term is an integral of individual expecta-
tions about the household’s own future consumption. Since the law of iterated expectations
does not hold for average expectations (Morris and Shin, 2005), fol Ehilchit1] dh # Ey [cip1).
The same applies to investment, the shadow price of capital, and optimal prices and wages
(see Appendix A), which together form the block multiplying F} in equation (29).

Second, consider the New Keynesian Phillips curve (NKPC) given by

1
T =EplpTi—1 + “pngt [me; + @] + ¢pEt [me] + (1 — 5p)5£p/ 0[P} t+1]d (27)

where 1, = (1 — &)(1 — ¢,88p).

The same three differences appear in the NKPC: firms form average expectations about
current marginal cost and the price mark-up shock, and the forward term involves firms’
expectations about their future own optimal prices, with [, Eii[p} 4] di # Ey {pj +1} M The
NKPC adds a fourth, distinctive feature: inflation depends on its own average expectation,
B[], with coefficient ¢/,,. As pointed out by Nimark (2008), this self-reference is what makes
higher-order expectations matter for inflation dynamics. By taking the average expectations
of this equation and substituting it iteratively, we obtain that

Tt = St Zpﬂt 1+"€p§pz¢k 1E [mey + ap] 4+ (1 = &) ﬁépzw’“E [/ Eit[p} 141]di 1 , (28)
where E* fo { Bk ]} di, for any variable z, all & > 1 and s < t, with the
convention that EC [zt] =z, and Et(l)[zt] = E,[z]. The expansion makes explicit that firms’
beliefs enter at every order, with the dependence on order k decaying geometrically at rate
¢, € (0,1). The same higher-order dependence with geometric decay applies to real wage
dynamics (see equation 1.12).

One key feature of the solution method discussed in the next section is that we do
not need to represent equilibrium conditions in terms of higher-order expectations as in
equation (28) to solve the model. We can find a policy function that depends on higher-
order expectations even defining equilibrium conditions in the system of equations in terms

of average expectations as in equation (27).

1 As pointed out in Appendix D of Angeletos and Huo (2021), Nimark (2008) and Melosi (2017) abstract

that fo it [Pf ] di # E; [Piy1] in their derivation. This difference is key because it affects the definition
of the general system of equilibrium conditions (29) and the guessed policy function (32).
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3 Solution method

In this section, we present a novel solution method for DSGE models featuring imperfect
and dispersed information.
The log-linearized equilibrium equations can be written as the following general system

of linear equations

1
3 / By olVioaldi + By B[] + G1Ys + GoBulYi] + HY, 1+ )
0

LE, [Z1] + Myx, + MzEt[iUt] = Opmx1,

where ¢ € [0, 1] indexes an agent, Y;; is a m x 1 vector of individual choices, Y; is a m x 1
vector of aggregate endogenous variables and z; is a n X 1 vector of unobservable exogenous
shocks.

The system of equations (29) extends existing solution methods along two dimensions.
First, it incorporates average expectations about future own variables (the term multiplying
F}). Second, it accommodates endogenous state variables (the term multiplying H), which
is necessary for solving medium-scale DSGE models such as the one in Section 2.

Structural shocks x; follow a stationary stochastic process
Ty = Alill'tfl +&, Ep N(O, Zs) (30)

where A; is a diagonal matrix storing the persistence of each shock, and X, is a diagonal

covariance matrix. Idiosyncratic signals are given by

Sit = Cowy + Dvjy, v ~ N(0,5,), (31)

where ¥, is a diagonal covariance matrix.'?

Define the k-th order average expectation Et(k)[] given information of period ¢ about the
vector of unobservable aggregate shocks x; as Egk) (] = fol E; [Egkil)[xt]} di, for all £ > 1
and s, ¢, with the convention that £ [z;] = x; and EY (2] = E[zy].

It is useful to denote the expectations hierarchy of z; from order [ to s as the vector

/

l:s §
i = [ EO ) EV ) - EO e ]

for s >1>0.

12The model from Section 2 implies a diagonal structure for A;, ¥, and 3,. The solution method does
not require these assumptions.
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Building on the insights of Nimark (2008) and Melosi (2017), our solution method involves
truncating the state space to address the issue of infinite regression of expectations, a problem
first highlighted by Townsend (1983).'3

Specifically, we guess that the individual and aggregate equilibrium law of motion and

expectation hierarchy are given by

Yie=RYi1+ Qox; + Q1E;; [ﬂfgozk)} ) (32)
Y, = R,y + Q™ (33)
2% = Az 4 Be,, (34)

where (R, Qo, Q1,A,B) are finite dimensional matrices to be determined in equilibrium.

Q = Qoe, + Q1T e, is the selection matrix such that z; = ezx?:’“) and T is a order

Et(l) mg():l_c) :T.%EO:E).MI

transformation matrix such that

Our guess-and-verify strategy extends Melosi (2017) in two aspects: First, we guess the
policy function of individuals (32) and then aggregate to find the aggregate policy function
(33). In contrast, Melosi (2017) abstracts from average expectations of future own variables
in the system of equations (specifically, the term multiplying F} in equation 29) and directly
guesses the aggregate policy function.

Second, both the individual and aggregate policy functions include a lagged term with a
coefficient R.. This is significant because our system incorporates endogenous state variables,
such as Y;_; in equation (29). By doing so, we allow endogenous variables to exhibit intrinsic
persistence, in addition to the persistence arising from shocks and higher-order expectations.

Proposition 1 shows the dynamics for expectation hierarchy and the expressions for the

fixed-point solution for (A, B).

Proposition 1. Suppose that x; is a stationary process, the expectation hierarchy follows
equation (34) and agents use information from signals (31). Assuming common knowledge

of rationality, the individual and average expectations about the hierarchy are given by

Eiu [a"9] = (1= KC) AB, -1 o] | + KCAD + KCBe, + K Do

E, {x?:’_ﬂ] = (I, - KC) AE,_, [xﬁ‘ff)] +RCOAZ"™ + KCBe,.

where C' = Ce,.

¥ Nimark (2017) shows that if the impact of higher-order expectations on equilibrium outcomes diminishes
with their order, there exists a threshold k at which the approximation error becomes arbitrarily small.
14See details in Appendix D.
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The expectation hierarchy consistent with the expectations above has coefficients (A, B)

that satisfy the matriz equations:

(I = T'KC) A = €, Aye, + T' (I, — KC) AT

_ (35)
(I - T'KC)B = ¢,
such that K and P solve the Riccati equation resulting from equations
_ = — -1
K =PC’'[CPC' + DY, D|
(36)

P = [P _ K(JP] A’ + BY.B

The Riccati equation resulting from equations (36) solves the steady-state mean square
error of the expectation hierarchy (see also Appendix B for the scalar case). The equa-
tions use the standard Kalman filter with hierarchy dynamics (34) as state equation and
measurement equation as signals (31).

The key difference from a standard Kalman filter is that (A, B) are themselves determined
by agents’ signal extraction problem. Thus, the hierarchy persistence (A) and response to
shocks (B) depend on the Kalman gain matrix K. As any signal extraction, the K depends
on the unobserved state dynamics (A, B). Therefore, the equilibrium solution (A, B, K, P)
is the fixed point from equations (35-36).

Since the signals (31) are exogenous, they do not depend on equilibrium conditions (29).
This simplifies finding the guessed coefficients for the equilibrium (R, Qo, Q1) and substan-
tially reduces computational costs. In contrast, Nimark (2008) and Melosi (2017) allow for
endogenous signals.'?

Before presenting the equilibrium dynamics in Proposition 2 below, we want to empha-
size one assumption that substantially simplifies this task. We assume that when forming
expectations about Y; using the guessed solutions (32-33), agents know the past value of
endogenous variables, Y; ;.

This assumption contrasts with the expectation formation from Proposition 1 in which
expectations depend only on exogenous private signals. This avoids learning from (past)
endogenous variables, which generates a feedback between the signal extraction and endoge-
nous variable responses to the hierarchy.!® Ribeiro (2017) considers the general case with

endogenous signals.

15For instance, Melosi (2017) explains in his replication files that: “Be aware that estimating the DIM may
take several weeks or even a few months depending on the computer used for this task.” In our application,
which has a considerably larger-scale model, takes roughly 72 (36) hours for 400k posterior draws using the
RB-RWHM (RWMH) algorithm in a standard notebook.

160One can think of this assumption as a deviation from rationality as agents do not incorporate that their
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This assumption is implicit in standard solution methods for imperfect common infor-
mation such as Blanchard et al. (2013) and Baxter et al. (2011). This is also a common
assumption when studying the New Keynesian Phillips Curve under dispersed information
(e.g., Angeletos and La’O, 2009; Angeletos and Huo, 2021).

Proposition 2. For a given expectation hierarchy from equation (34), the system of equa-

tions (29) has a recursive equilibrium law of motion (33) whose matriz coefficients satisfy:

1. (R, Qo, Q1) satisfy the matriz equations:

FR?4+GR + H = Opyxm (37)
[FiR 4+ G1] Qo + My = Oy, (38)
(IR +G1] Q1+ FiQuA + (FaR + Go)QuT + Qi TA+

(R + Go)Qo + FQoAs + (LA, + Ms)] ey = O (39)

where F = Fy + Fy, G =Gy + Gy and k = n(k + 1).

2. Following Uhlig (2001), R has a unique stable solution if all eigenvalues of R are

smaller than unity in absolute value.

3. Given the solution of R, denote the matrices (Vy, V1) such that:

Vo= IR + G, (40)
Vi=LeFR+G)+T' @ (FHR+G)+ AR +AT ®F, (41)

Provided that there exists an inverse for Vi and Vi, the equilibrium solution for (Qo, Q1)

is given by

Qo = -V, 'M, (42)
VeC(Q]_) = —‘/1_1 vec ([(FQR + GZ)QO —+ FQOAl + (LAl -+ MQ)] ew) (43)

where vec(+) denotes columnwise vectorization.

Given the individual response to shocks (Qo) and to the individual expectation about the

hierarchy (Q1), the aggregate response to the hierarchy is given by: Q = Qoe, + Q17T

Proposition 2 connects the solution of imperfect common knowledge models with the
standard undetermined coefficients solution for full information DSGE models. Condition

knowledge about Y;_; can be used to learn about xg(i’f), which would also change their beliefs about x

(0,k)
P
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(37) is exactly the same as the usual “brute force” approach of Uhlig (2001). In other
words, the equilibrium R is the same that would happen if agents had full information,
as shown in Appendix D.!'” Note that when we abstract from state endogenous variables
(H = 0mxm), R = Opxm, leading to a policy function without intrinsic persistence from
endogenous variable as in Melosi (2017).

The fact that R is invariant to the information structure has two implications. First, R
can be computed with standard full-information techniques. Second, informational frictions
do not affect how endogenous variables respond to lagged endogenous variables. Persistence
of endogenous variables is still shaped by information frictions, however, through their effect
on the expectation hierarchy :vgozl_f).

Appendix D presents the proofs for Propositions 1 and 2 and shows the details of the

algorithm to find the fixed point solution from Proposition 1.

4 Estimation

In this section, we discuss the data, the prior choices, and the posterior results of the Bayesian
estimation. We estimate the model featuring dispersed information (‘DI model’) using two
different datasets: one containing macroeconomic data only and another including both
macroeconomic and expectations data. For comparison, we also estimate the same model

under full-information (‘FI model’) in the same datasets.

4.1 Data

We collect U.S. quarterly macroeconomic and expectations data from 4Q:1981 to 4Q:2007.18
The data on macroeconomic aggregates include the series of real GDP, real consumption,
real investment, GDP deflator index, annualized 3-month Treasury bill rate, hours worked
index and nominal wages index, and come from the Federal Reserve Database (FRED)."
We also gather the average expectation about current and one-quarter-ahead real GDP, real
consumption and real investment, inflation and three-month Treasury bill rate from the U.S.
Survey of Professional Forecasters (SPF). A detailed description of the datasets can be found
in Appendix C.

When estimating medium-scale DSGE models, the inclusion of expectations data is rare.

1"The key assumption for this result is that agents observe past endogenous variables at period t.

18We restrict our sample to avoid the Zero Lower Bound on nominal interest rates. Including non-linearities
in the model complicates substantially the computation of expectations under imperfect information.

19The nominal interest rate is measured by 3-month Treasury bill rate to be consistent with the expecta-
tions data, as the SPF does not survey forecasts for the Federal funds rate.
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In recent years, few papers have tried to incorporate expectations data to discipline macroe-
conomic models with complete and incomplete information. For instance, Del Negro and
Eusepi (2011) adds one-year ahead inflation expectations to estimate a conventional New
Keynesian model. Melosi (2017) estimates a small scale dispersed information model using
data on inflation forecasts one-quarter and one-year ahead. Del Negro et al. (2015) uses
ten-year inflation expectations from the Blue Chip and SPF.

We depart from previous literature in two ways. First, we use expectations data on a

broader set of variables. Second, we use data on current forecast revisions given by
Revt|t71[Zt] = Et[Zt] - Etfl[Zt]a

where Revﬂs[Zt] is the average expectation revision at period ¢ of a forecast about Z; made
in period s, and E,[Z,] is the average expectation about Z; given information of period s.
Forecast revisions are particularly informative about information frictions. Aggregating

equation (24) shows that
Revyy_a[x}) = Eilal) — Eialal] = ki[5 — B [s))] = B FE, )] (44)

where sl = fol skdi = z! is the aggregate signal, which due to the simple signal structure
(22) is equal to the shock [. FE,[z!] = 2} — E,[#!] denotes the average forecast error about
x! at period t of a forecast made in period s.

Note that the coefficient of the forecast error in the current revision is the Kalman gain
k; alone, isolating the information friction. In contrast, by iterating equation (26), one can
see that the forecast E,[z!] depends on the whole history of previous signals, the information
frictions and the shock’s persistence. Moreover, longer forecast horizons (E;[zl,,]) and
revisions (Revy_1[z},,]) are likely to be less informative as they depend also on the shock’s
persistence.?’

The clean mapping between revisions and Kalman gains in equation (44) holds for ex-
ogenous shocks. In practice, we observe endogenous variables, whose forecast revisions also
reflect other sources of persistence. Nevertheless, short-horizon forecast revisions remain
the most informative observable for identifying information frictions, as they minimize the
confounding role of shock persistence.

We map macroeconomic data to model variables following the same approach as in SW.
Specifically, real output, consumption, investment (per capita) and real wages are linked to

the model in growth rates. Per capita total hours are demeaned while inflation and nominal

20The h-step ahead forecast is given by FE, [zt ] = PP Ey[x!] and analogous revision is Revyy_q[z},,] =
pflRevt“,l[xi]. They also depend on shocks’ persistence, p; and the horizon h.
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rates are measured in annual terms. We include measurement errors in the observational
equations associated with current forecast revisions to avoid stochastic singularity?! and to
capture the fact that the expectations data from SPF are not completely consistent with the
average expectations of the agents populating our model.??

The measurement equations that link data series with their model counterparts are pre-

sented in Appendix C.1.1.

4.2 Prior distributions

As standard in the literature, we fix the value of some parameters that are not easily identified
and estimate the others. The quarterly depreciation rate § is set to 2.5%. The ratio of
government expenditures to output g, is calibrated to its historical mean value of 18%. The
steady-state wage markup p® is fixed at 1.5 as in SW. Finally, the capital share of the
production function « is fixed at 0.3 to be consistent with the historical capital-output ratio.

The introduction of informational frictions is likely to affect the estimation of real and
nominal frictions, so we do not rely completely on estimates from previous papers to choose
priors. Instead, most of the priors are relatively loose. Table 1 shows the choices for priors
on the left side. The priors are the same for the FI and DI models. By definition, the full
information model does not include the informational friction parameters and estimates with
macroeconomic data only do not include measurement errors for revision data.

The prior for parameters that have support between 0 and 1, such as the persistence of
shocks, partial adjustment of the Taylor rule, indexation of prices and wages to past inflation
and habit persistence in consumption, follow a beta distribution (8B) with a mean of 0.5 and
standard deviation of 0.2. One important exception is the Calvo frictions on prices and
wages. For those two parameters we use very tight priors around micro data estimates for
prices from Nakamura and Steinsson (2008) and for wages from Grigsby et al. (2021). Those
imply an average duration of three quarters for prices and one year for wages.

The trend growth, inflation rate, and nominal interest rate steady-state parameters have
priors with gamma distribution (G) whose mean equals their sample average. The standard
deviations are 0.10 for the first prior and 0.50 for the others.

The priors on the adjustment cost of investment, capital utilization, and the inverse of
Frisch elasticity are taken from Del Negro et al. (2007). The parameters specifying the Taylor
rule have priors with gamma distribution whose mean values are ¢, = 1.5 and ¢, = 0.2 and

the standard deviations are 0.5 and 0.1, respectively.

21 This is required since the complete dataset includes 12 time series, while the model has only 7 shocks.
22This also can help to account the fact that data on macroeconomic aggregates are on constant chain
level while the base chain in expectations change over time. See details in the data appendix (Appendix C).

21



Priors for the standard deviation of the structural shocks are distributed as an inverse
gamma (ZG) with means chosen to match the relative importance of standard deviations
of observables in the pre-sample 1957Q1-1981Q1, following a similar approach to Del Negro
and Eusepi (2011). Standard deviations are set to 1.00, which implies fairly loose priors.

Priors for Kalman gains of each shock are set to follow a beta distribution with a mean
of 0.5 and a standard deviation of 0.2. The value of 0.5 is similar to estimates from CG
using one-year inflation expectations and Bordalo et al. (2020) for one-year data on output,
consumption and investment growth rates, inflation, and nominal rates. Note that their
estimates of frictions are using macroeconomic aggregates and not actual shocks. We discuss
this further in Section 5.1.

We use the Kalman gain (k;) directly as a parameter instead of the noise-to-signal ratio
(r; = m/o;) as Del Negro and Eusepi (2011) or the private signal variances (7;) as Melosi
(2017). As discussed by Del Negro and Eusepi (2011), forming priors on r; of a shock
implicitly forms a prior for the private signal’s variance conditional on shock’s variance, o;.
Analogously, when placing priors on the Kalman gains of each shock, it implicitly generates
a prior for the NSR conditional on the shock’s persistence, p; (see equation 25).

Therefore, despite the shock processes (p;, 0;) having different priors for each shock I,
when assuming the same prior for the Kalman gains of all shocks, there is an implicit prior
for 7|py, 0y that allows the same information friction for all shocks a priori.

Finally, priors for the standard deviation of measurement errors on the time series of
forecast revisions are distributed as inverse gamma with a mean that matches roughly 10%
of the standard deviation of each revision data. The prior standard deviations are small to
ensure very tight priors, which prevents measurement errors from explaining more than 25%

of the corresponding standard deviation.

4.3 Posterior distributions

We estimate the models by combining the prior densities described above with the likelihood
function computed using the Kalman filter. We solve the model truncating the hierarchy of
average higher-order expectations at the sixth order, i.e., k = 6.2 We use the Random Block
Random-Walk Metropolis-Hastings (RB-RWMH) algorithm with five blocks to draw from

the posterior distribution.?* Table 1 reports the posterior moments for FI and DI models

ZNimark (2017) shows that k = 6 is an accurate approximation in a simple model. Which order is
sufficiently high to provide a good approximation to the policy function is model dependent. We find similar
results with & = 12 using the complete dataset and report them in Appendix F. Truncating at lower orders
substantially speeds up estimation.

24Estimates from RB-RWMH have substantially better chain convergence diagnostics than standard
RWMH as they generate chains with lower autocorrelation. We use 400k draws and a 50% burn-in. The
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across both datasets.

The DI model estimated on the full dataset exhibits the following properties. We find
strong information frictions across all shocks. The highest Kalman gain, 0.72, belongs to the
monetary policy shock, which stands apart from the rest even though it remains considerably
below full information. For all other shocks, posterior modes for the Kalman gains range
from 0.01 to 0.52. The posteriors are precisely estimated, with the widest 90% credible
interval reaching 0.3.

The posterior mode of habit formation is near unity across all four specifications, which
is higher than the standard range of 0.7-0.8. A likely reason is that the standard practice is
to impose a tight prior centered at 0.7, whereas we adopt a looser prior centered at 0.5.

The estimated degree of investment adjustment costs (IAC), 4.83, is slightly lower than
SW'’s original estimate of 5.48, although it remains noticeably higher than the 2.65 reported
by Justiniano et al. (2011), who use the same investment series (including inventory invest-
ment) but only macroeconomic data.?> The results for the FI model reinforce this pattern:
including expectations data likewise drives higher IAC estimates. Turning to the nominal
rigidities, estimated price indexation is negligible, while wage indexation is 0.76, exceeding
the prior mean. The Taylor-rule reaction to inflation is high, with a posterior mode of 3.02,
possibly reflecting that our sample excludes the pre-Volcker period because expectations
data are unavailable for earlier years.

Finally, shock persistence varies substantially: investment-specific technology, preference,
wage-markup, and monetary shocks are mostly transitory, whereas government spending and
TFP shocks are highly persistent and price-markup shocks are moderately persistent.

Several additional results emerge from comparing datasets and model specifications. Ex-
pectations data are informative about information frictions: including them substantially
changes the estimated Kalman gains. For investment, price-markup, TFP, and preference
shocks, the Kalman gain falls sharply (implying higher frictions), while for the monetary
shock it rises substantially (implying lower frictions). Regarding the standard inertial fric-
tions, two parameters move substantially when expectations data are included. The IAC
parameter rises by a factor of more than two, and even more so under FI. Wage indexation
under DI also rises markedly, from 0.44 to 0.76, whereas it is essentially unchanged under
FI.

candidate distribution is a multivariate normal with covariance matrix based on the estimate of the Hessian
matrix at posterior mode as in An and Schorfheide (2007). Standard univariate convergence diagnostics
suggest convergence for all models. For the DI model under the complete dataset, we also simulate three
additional chains with different initial values based on draws of the prior and find that they converge to the
same distribution.

253W use an investment series that excludes inventory investment; Justiniano et al. (2011) shows that this
difference in the investment series drives the discrepancy.
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Table 1: Prior and Posterior distributions

Dataset: Macroeconomic data only Dataset: Macroeconomic and expectations data

Parameters Prior Posterior: FI model Posterior: DI model Posterior: FI model Posterior: DI model
Dist. Mean Std. Dev. Mode 5%  95% Mode 5%  95% Mode 5%  95% Mode 5% 95%

Endogenous propagation parameters

X g 2.00 0.75 276 1.85  4.36 2.10 1.51  3.82 4.13 3.08 6.22 1.51  0.92 2.14
® B 0.50  0.20 0.97 0.88 0.98 0.98 0.88  0.99 0.99 0.98 0.99 0.998  0.99 0.999
a” g 0.20  0.10 0.38 0.26 0.64 0.34 0.22 0.59 0.33 0.22 0.57 0.06  0.06 0.22
s g 4.00  1.50 1.93 1.23 347 1.81 098  3.56 6.38 4.82 8.04 4.83  3.62 6.80
Oy g 0.20  0.10 0.07 0.04 0.15 0.09 0.05 0.19 0.04 0.02 0.09 0.06 0.04 0.11
Or g 1.50  0.50 3.01 236 397 2.57 2.01 347 329 281 4.11 3.02 243 3.88
O B 0.50 0.20 0.87 0.81  0.90 0.86 0.81  0.90 0.87 0.83 0.90 0.87 0.84 0.90
Ly B 0.50  0.20 0.19 0.08 0.44 0.11 0.04 0.32 0.03 0.01 0.11 0.03 0.01 0.13
Lw B 0.50  0.20 0.52 0.22 0.83 0.44 0.17  0.78 0.56 0.23 0.84 0.76  0.37 0.91
& B 0.67  0.05 0.83 0.79 0.86 0.81 0.76 0.84 0.83 0.81 0.85 0.84 0.80 0.87
Ew B 0.75  0.05 0.78 0.74 0.82 0.78 0.73  0.82 0.82 0.78 0.84 0.81 0.78 0.85
Steady-state parameters

Tss g 2.62  0.50 233 1.68 295 1.95 139 273 2.88 2.55 3.30 2.07  1.56 2.72
Tss g 515  0.50 6.12 5.39 6.98 6.53 5.65  7.66 6.23 5.58 7.04 6.58  5.83 7.62
Vss g 0.50  0.10 0.31 0.25 0.37 0.31 0.25 0.36 0.34 0.30 0.37 0.36  0.31 0.41
Structural shocks parameters

Pe B 0.50  0.20 0.36 0.21 0.78 0.23 0.14 0.55 024 0.15 0.33 0.14  0.07 0.21
Di B 0.50  0.20 091 0.64 0.95 0.72 0.57 091 0.40 0.33 0.48 042 0.33 0.50
Py B 0.50  0.20 0.98 0.96 0.99 0.98 0.97 0.99 0.97 0.96 0.98 0.97 0.95 0.99
Py B 0.50  0.20 0.92 0.87 0.95 0.93 0.87 0.96 091 0.89 0.93 0.74  0.65 0.81
Pw B 0.50  0.20 0.19 0.08 0.36 0.14 0.06 0.25 0.21 0.09 0.34 0.17  0.09 0.25
Dr B 0.50  0.20 0.54 0.39 0.68 0.75 0.52  0.90 0.37 0.28 0.47 044 0.31 0.57
Pa B 0.50  0.20 0.95 0.87 0.98 094 0.87 0.98 0.87 0.82 0.92 0.999 0.998  0.9996
o. g 0.50  1.00 0.27 0.25 0.35 0.34 0.29 0.63 0.27 0.24 0.30 1.06  0.87 1.52
o; 76 2.00 1.00 1.04 0.89 1.55 1.25 1.03 1.80 1.16 1.01 1.33 273  2.37 3.26
og 6 0.20  1.00 0.57 0.49  0.65 0.52 045  0.63 0.59 0.53  0.69 0.55  0.49 0.65
op 76 0.20  1.00 0.07 0.06 0.10 0.09 0.07 0.15 0.07 0.06 0.08 0.26  0.20 0.41
Ow g 0.50  1.00 0.35 0.29 041 0.58 044  1.50 0.34 029 041 0.94 0.72 1.76
oy 76 0.20  1.00 0.13 0.11  0.15 0.12 0.11  0.15 0.13 0.12 0.15 0.13  0.12 0.15
O 16 0.20  1.00 041 0.38 0.48 041 0.37 047 0.46 0.41 0.53 047 042 0.54
Information friction parameters®

k. B 0.50  0.20 0.73 043  0.92 023  0.17 0.29
ks B 0.50  0.20 092 0.77 097 0.46  0.42 0.51
/;'_q B 0.50  0.20 0.68 0.35 0.89 0.52 0.49 0.56
1?,, B 0.50  0.20 0.90 0.69 0.96 0.33  0.25 0.42
ke B 0.50  0.20 049 0.26 0.80 0.37  0.23 0.53
k, B 0.50  0.20 0.08 0.03 0.55 0.72  0.59 0.82
ko B 0.50  0.20 0.59 0.26 0.83 0.01  0.00 0.01
Measurement errors standard deviation®

iy g 0.10  0.02 0.52 046 0.59 0.30  0.26 0.34
one 76 0.07  0.02 043 0.39 048 0.20 0.19 0.23
one g 0.50  0.10 2.15 1.95 242 124  1.11 1.39
ome 76 0.15  0.04 0.77 0.69 0.87 0.51  0.46 0.59
o 16 0.15  0.04 0.31 0.28 0.35 029 0.26 0.35
Marginal Likelihood -956.03 -950.02 -1600.49 -1381.55

Number of MH Draws 400k 400k 400k 800k

MH Burn-in 50% 50% 50% 50%

Note: G, ZG and B stand for: Gamma, Inverse Gamma and Beta distributions, respectively. *Applies to the
dispersed information model. ®Applies to the dataset including macroeconomic and expectations data.

Including expectations data also reduces the estimated persistence of preference, mone-

tary, price-markup, and especially investment shocks,?® while leaving the persistence of gov-

26Posterior-mode estimates for investment persistence fall from 0.91 to 0.40 in the FI model and from 0.72
to 0.42 in the DI model.
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ernment spending and wage-markup shocks largely unchanged. TFP persistence responds
differently across models: under DI it rises close to unity, whereas under FI it falls slightly,
remaining close to the macroeconomic-data estimate. Moreover, in the DI model, the shock
standard deviations increase markedly for investment, price- and wage-markup, and pref-
erence shocks. As we show later, this increase is offset by stronger information frictions,
mitigating the impact of these shocks on expectations.

Comparing the FI and DI models estimated on the full dataset further indicates that
the FI model relies more heavily on IAC than the DI model to match the data. We also
find a sizable reduction in the standard deviation of measurement errors, which provides an
initial indication that the DI model better explains expectations data. This interpretation
is confirmed by the marginal likelihood comparison reported at the bottom of Table 1: the
advantage of the DI model rises substantially, reaching 219 log points. The next section

investigates the quantitative implications of these estimates.

5 Business cycle dynamics under dispersed informa-
tion

This section is divided into four parts. Section 5.1 explores whether simulated data from
the estimated model reproduce empirical measures of information frictions. Sections 5.2
and 5.3 revisit business-cycle drivers and shock propagation in the DI model disciplined by
macroeconomic and expectations data. Finally, Section 5.4 assesses the relative importance

of standard inertial frictions and information frictions.

5.1 Matching empirical measures of information frictions

A growing literature following CG explores a relationship between forecast errors and forecast
revisions implied by models with information frictions to obtain survey-based measures of
those frictions. We adopt a similar empirical strategy to assess whether our estimated model

replicates these stylized facts. For each variable z, we estimate
Revyi—1]z) = BFE_1]z] + errory. (45)

According to equation (44), if z follows an AR(1) and agents form rational expectations with
private dispersed information, then 3 is an estimate of the true Kalman gain, k..
Figure 1 shows the scatter plot with the fitted line in solid black for each variable in the

SPF. Hereafter, we refer to those estimates as empirical Kalman gains (eKGs).
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Figure 1: Empirical Kalman gains from SPF expectations data (1981Q4-2007Q4)
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Note: Empirical Kalman gains are the coefficients from regression (45). Output, consumption and investment
refer to their respective quarterly growth rate, whereas inflation and interest rates refer to their levels.

A natural benchmark is full information, in which revisions and forecast errors line up
one-for-one (the 45° line). Estimates depart markedly from this benchmark, and the degree
of departure varies across variables, as documented by CG and Bordalo et al. (2020).

A caveat is that the measure from equation (45) truly holds only for the case of exogenous
AR(1) fundamentals, whereas we observe endogenous variables whose equilibrium dynamics
depend on lags and the hierarchy of expectations. As a result, eKGs generally reflect the
interaction of information frictions with other sources of persistence in the model. Rather
than treating eKGs as direct estimates of structural Kalman gains, we use them as an un-
matched moment for external validation of the model-implied joint mapping from structural
frictions to observable forecast revisions and errors.

We proceed as follows. For a given parameter vector ©, we simulate s = 1, , Ngm
samples of length T;,, from the model, construct simulated forecast revisions and forecast

errors consistent with the measurement system used in estimation such that

Revift)lt_l — Et[zt](S) _ Et_l[zt](s) + 5257(5)’
Wi?_l = ng) - Et,l[zt](s),

and estimate (45) on each simulated sample, s.
Figure 2 reports average coefficients and 90% confidence intervals across ng,, = 100
simulations with Ty;,,, = 105, matching the SPF sample size.?”

Two results stand out. First, simulated eKGs under the prior mean (red O error bars)

#"We add simulated measurement errors €7’ to forecast revisions so that the simulated objects are con-
sistent with the measurement equations (C.1). ng;, = 100 is sufficiently large to avoid sampling variability
affecting the Kalman gain estimates meaningfully.
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Figure 2: Empirical Kalman gains from simulated baseline model (1981Q4-2007Q4)
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Note: Empirical Kalman gains are the coefficients from regression (45) using actual and simulated data
from the model with respective parameter configuration. Output, consumption and investment refer to their
respective quarterly growth rate, whereas inflation and interest rates refer to their levels. Bars correspond to
90% confidence intervals.

cluster mechanically around 0.5, reflecting the common prior mean on the Kalman gains
of exogenous shocks. Second, simulated eKGs under the posterior mode estimated with
the complete dataset (blue ¢ error bars) align closely with the SPF eKGs, although the
estimation does not directly target these coefficients. By contrast, the posterior mode from
the model estimated with macroeconomic data only (green A error bars) performs starkly
worse. Together, these findings highlight the importance of including expectations data in
the model estimation and provide external validation that the model captures the learning

dynamics embedded in survey forecast revisions.

5.2 Business cycle drivers

Having established that the model successfully replicates empirical measures of information
frictions when disciplined by expectations data, we turn to business cycle drivers. We assess
them through a forecast error variance decomposition (FEVD) exercise for selected variables
at horizons ranging from 1 to 40 quarters.

Figure 3 reports results for both models estimated on the complete dataset. Investment-
specific technology shocks and government expenditure shocks are the main drivers of output
growth and hours worked. At short horizons, the investment shock accounts for roughly 60%
of fluctuations, while government spending explains about 25%. At longer horizons, their

relative importance reverses. This pattern is robust for both models. In contrast to SW, we
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Figure 3: FEVD for macroeconomic variables for both models in the complete dataset
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Note: Bars show the posterior mean of the FEVD at each horizon. All variables are in levels.

find a smaller role for wage mark-up and TFP shocks, and a larger role for investment-specific
technology shocks. Our results align with the conclusions of Justiniano et al. (2011), who
emphasize the importance of including inventories in total investment, which SW abstracts
from. Auclert et al. (2020) also find that investment-specific technological shocks are key to
output fluctuations using an estimated HANK model with sticky information.

Across variables, the dominant shock is typically the one that most directly shifts the
corresponding equilibrium condition: preference shocks for consumption, investment shocks
for investment, price mark-up shocks for inflation, and wage mark-up shocks for real wages.

Beyond their dominant role for inflation, price mark-up shocks also contribute significantly
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to nominal rate and real wage dynamics, with importance rising over time.?

Comparing Panels (a-b) reveals that this pattern is more pronounced under DI. The
underlying mechanism is the anchoring of expectations to prior beliefs: agents gradually up-
date their beliefs about shocks, dampening general equilibrium propagation and amplifying
the relative importance of partial equilibrium channels. In Section 5.3, we show that this

attenuation is driven by the underreaction of average expectations.

5.3 Propagation of shocks

We compare Bayesian impulse response functions (IRFs) from the DI and FI models esti-

mated on the complete dataset to assess how informational frictions affect shock transmission.

Learning and higher-order average expectations about exogenous shocks. Figure
4 displays the impulse response of each structural shock alongside the corresponding hierar-
chy of average expectations (first- through third-order). Under full information, expectations
at all orders coincide with the true shock; systematic deviations from this benchmark quantify
the gradual learning induced by information frictions. The DI and FI models are estimated
separately, so their impulse responses also differ due to changes in the estimated exogenous
processes.

Two patterns emerge from the DI model. First, shocks estimated to have low persistence
(preference, investment-specific technology, wage mark-up) generate negligible expectation
inertia even with substantial information frictions. Agents underestimate the contempora-
neous realization of these shocks, but because the shocks are transitory, expectations simply
decay back toward the steady state alongside the shock itself. Learning therefore largely
affects the impact response rather than producing sustained belief dynamics. To repro-
duce similar volatility in observables despite this attenuation, the DI model requires larger
innovation variances than the FI model for these shocks.

Second, shocks that combine high persistence with strong information frictions (gov-
ernment spending, price mark-up) generate inertial, hump-shaped dynamics in first- and
higher-order expectations. Both ingredients are needed: shock persistence propagates to the
belief hierarchy, while strong information frictions slow the convergence of beliefs toward the

true state.?”

28TFP shocks play a minor role in explaining fluctuations in all observables.

29TFP is an extreme case, with k, very close to zero and p, very close to one, which yields extremely slow
higher-order expectation dynamics. This shock, however, accounts for a small share of the fluctuations in
all observables, except hours in the longer run (see Figure 3). The opposite is true for the monetary policy
shock, which combines low persistence with the weakest information friction of any shock.
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Figure 4: Estimated learning process for each shock
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Note: The figure shows the posterior mean of impulse responses for each shock, triggered by a one standard
deviation shock, alongside the estimated responses of higher-order beliefs about the shock.

Both patterns are explained by equation (26). For each shock I, k; controls how the aver-
age expectations react to signals and thus to shocks. The persistence of average expectations
has two sources: it inherits the shock’s own persistence, and it has an additional intrinsic
component from gradual learning, governed by (1 — k;)p;. Generating prolonged hump-
shaped dynamics in average expectations therefore requires a combination of an attenuated
response to shocks and high intrinsic persistence (low k; and high p).

Quantitative explorations with small models typically calibrate shocks to be persistent
and subject to strong information frictions. Our estimates support this configuration for
some shocks, but not all. For a number of shocks, the data favor a combination of low
persistence and strong frictions, which mainly dampens the response to shocks but does
not generate meaningful inertia in beliefs. This highlights that persistence and information

frictions must be jointly identified when estimating macroeconomic models.
Endogenous variables. We now study the propagation of key structural shocks to macroe-

conomic variables. We focus on investment-specific technology and price mark-up (cost-push)

shocks because they account for most of the variation in output and inflation, respectively,
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and generate markedly different higher-order belief dynamics. Figures with impulse responses
to the remaining shocks are available in Appendix J.

Figures 5-6 report posterior mean IRFs from the FI model (dashed blue line) and the
DI model (solid black line), with respective 90% credible intervals shown as shaded bands.
We also plot IRFs from the FI model evaluated at the DI posterior mode (dot-dashed red).
The difference between the black and red lines isolates the role of information frictions. The

remaining gap between the red and blue lines reflects parameter re-estimation.

Figure 5: Impulse responses to an investment-specific technological shock
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Note: Posterior-mean IRFs with 90% credible intervals to a one-standard-deviation shock in each model.

Revision panels use growth rates for real variables and levels for nominal variables; panels for macroeconomic
variables report level responses.

Figure 5 shows impulse responses to a one-standard-deviation investment shock. Invest-
ment, output, and hours expand in a hump-shaped manner, while consumption rises more
gradually. The inflation response is insignificant on impact and then turns negative as the
expansion reverses. The nominal interest rate initially rises with the expansion in activity

and subsequently declines as inflation falls and the boom fades.

Information frictions dampen the effects of investment-specific shocks and delay their

transmission. Holding parameters at the DI posterior, the FI economy (dot-dashed red
lines) responds much more strongly and peaks one quarter earlier. Re-estimating the FI

model (dashed blue lines) scales down the investment shock, so that the impact response

of investment is similar to that in the DI model. The re-estimated FI model nonetheless
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generates lower peaks for real variables, a stronger inflation response on impact, and a slightly
higher response of the nominal rate.

DI and FI models differ more substantially in expectation dynamics. In the revision
panels, the FI model exhibits the textbook full-information pattern: the revision for each
variable jumps to match the variable’s impact response, and immediately returns to zero
afterward. This is one of the key reasons why full-information models cannot adequately fit
the expectations data.

Under DI, revision responses are attenuated on impact, unwinding within a quarter for
output and investment but closer to a year for consumption and the nominal rate. This
reflects strong information frictions combined with the shock’s low persistence, implying a

lack of sustained inertia in beliefs, as discussed in Figure 4.

Figure 6: Impulse responses to a price mark-up shock
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For price mark-up (cost-push) shocks (Figure 6), the contrast between the two models
is concentrated in the nominal block. Evaluated at the DI posterior, the FI economy (dot-
dashed red lines) displays substantially larger declines in output, investment, hours, and
real wages, reaches its trough one quarter earlier, and delivers an inflation response more
than three times as large on impact. Information frictions therefore mute and delay the

transmission of cost-push shocks.
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Re-estimation closes most of this gap for real activity (dashed blue versus solid black
lines), in part because the re-estimated FI model features a smaller but more persistent
mark-up shock (Table 1). On impact, DI and the re-estimated FI model now generate
a similar inflation response. Under DI, however, inflation follows hump-shaped dynamics,
whereas in the FI model it peaks immediately and declines monotonically from the outset.
After a year, the DI response is more than twice as large. As a result, the DI policy rate
responds more strongly and peaks one quarter later than in the FI model.

Consistent with Figure 4, the combination of shock persistence and strong information
frictions generates attenuated and persistent forecast revisions: under DI the impact revision
in output is less than a third of its FI counterpart and takes more than a year to fade,
whereas the FI revision returns to zero immediately. Revisions to the nominal interest rate
are the most persistent, fading only after roughly two years. This contrasts with the short-
lived responses of expectation revisions to investment shocks, consistent with the weaker

estimated persistence of those shocks.

Decomposing the role of information frictions. Incomplete information in our model
operates through two channels: gradual learning about exogenous shocks (first-order uncer-
tainty) and uncertainty about other agents’ expectations (higher-order uncertainty). We now
investigate how each channel shapes the propagation of investment and cost-push shocks.

To disentangle the importance of first-order and higher-order uncertainty, we add one
counterfactual IRF (dashed gray) that shuts down higher-order uncertainty by imposing
that all orders of beliefs follow the first-order dynamics. The distance between the solid
black and dashed gray lines therefore measures the contribution of higher-order uncertainty,
and the distance between the dashed gray and dot-dashed red lines (the FI model evaluated
at the DI posterior, as above) that of first-order learning.

Figure 7 shows the counterfactual exercise for the investment and price mark-up shocks for
revision variables. Higher-order uncertainty is quantitatively important for forecast revisions.
Under full information, a revision jumps to the variable’s impact response and returns to zero
immediately. Imperfect learning alone already attenuates that jump substantially, but about
a third of total attenuation comes from higher-order uncertainty. Moreover, the revision of
the interest-rate forecast is hump-shaped for both shocks, peaking one quarter after impact
and fading only gradually. Once higher-order uncertainty is switched off, the same revision
peaks on impact and decays monotonically.

How long that inertia lasts mirrors the persistence of the underlying shock. For the
weakly persistent investment shock, revisions to real variables are essentially complete after

one quarter, and higher-order uncertainty even shortens them: the shock fades before beliefs
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about beliefs can build inertia.

Figure 7: Decomposition of impulse responses for revision variables
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roughly six quarters.
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For the persistent cost-push shock, revisions decay over

By contrast, higher-order uncertainty contributes little to the transmission of these shocks
to macroeconomic variables. Figure J6 in Appendix J reports the same decomposition for
those variables: the DI and no-higher-order-uncertainty lines are nearly indistinguishable.
The attenuation and delay documented in Figures 5 and 6 are almost entirely the product
of first-order learning.

This limited role reflects the structure of the model. Most forward-looking terms are
integrals of individual expectations about agents’ own future choices, which do not raise
the order of beliefs (Section 2.1). Higher-order expectations enter through a small set of
average-expectation terms, and only two of them are self-referential: inflation depends on
its own average expectation in the NKPC, and the real wage on its own in the wage NKPC.
The coefficients on these terms, ¢, = (1 — &,)(1 — ¢,8¢,) and ¢, = (1 — &,)(1 — 5&y)
where 6, is the elasticity of substitution across labor varieties (equations 28 and 1.12), govern
how fast the dependence on higher-order beliefs decays with the order, and both are small

at our estimates (¢, = 0.16, ¢, = 0.03). As a result, second-order beliefs account for over




90 percent of the total higher-order effect, and orders beyond three are negligible. Higher-
order beliefs therefore mainly shape the dynamics of forecast revisions, the observables that
identify the information frictions, and contribute only modestly to the transmission of shocks

to macroeconomic aggregates.

5.4 Information frictions and standard frictions: substitutes or

complements?

A large literature argues that informational frictions can serve as an alternative to “stan-
dard” frictions, such as habit formation and investment adjustment costs, for explaining the
persistence observed in aggregate macroeconomic data. Our quantitative framework pro-
vides a natural environment to assess the substitutability hypothesis, as it nests both types
of frictions and estimates them jointly under flexible priors.

In this section, we evaluate the relative importance of each friction by re-estimating the
model under alternative restricted specifications that remove selected sources of inertia, and
then comparing log marginal likelihoods to the baseline. In this experiment, we replace IAC
with standard capital adjustment costs (CAC) in the tradition of Chari et al. (2002), so that
the model features a friction on capital accumulation based on the investment-to-capital
ratio rather than the investment-growth formulation of Christiano et al. (2005) and SW.*°

SW originally conducted this exercise using a full-information model estimated on macroe-
conomic data only, finding that habit formation and investment adjustment costs are key,
whereas price and wage indexation play a comparatively minor role. We revisit it for the
model with information frictions estimated on the complete dataset.?! Table 2 reports re-
sults.

Most standard inertial frictions remain dispensable conditional on information frictions:
shutting down price indexation and replacing IAC with capital adjustment costs each im-
proves fit, while shutting down wage indexation only marginally worsens it (by about 8 log
points). The key exception is habit formation, which becomes more important once ex-
pectations data are included. Removing habits alone lowers the log marginal likelihood by
roughly 90 points, and eliminating all standard frictions jointly lowers it by about 83 points
— a deterioration driven entirely by habits.

Why are habits so important when expectations data are included? Inspecting the pa-
rameter estimates provides some insight. Shutting down habits moves the preference-shock

block along three margins. First, the preference shock becomes far more persistent, with p,.

30Gee Appendix E for the exact specification.
31Recall that our sample and investment definitions differ from those in SW.
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Table 2: Marginal Likelihoods shutting down key frictions

Model Marginal Likelihood Difference from baseline
Baseline -1381.55 -
Shutting down:

All standard frictions™ -1464.28 -82.73
Habits -1474.80 -93.26
Invest. adjustment costs™ -1374.97 6.57
Price indexation -1366.29 15.25
Wage indexation -1389.40 -7.85
Full information for:

All shocks -1600.49 -218.94
Preference shock -1470.95 -89.40
Inv. specific tech. shock -1456.35 -74.80
Gov. expenditure shock -1430.97 -49.42
Price markup shock -1420.73 -39.18
Wage markup shock -1390.03 -8.48
Monetary policy shock -1401.39 -19.85
TFP shock -1399.56 -18.02

Notes: Log-marginal likelihoods are computed using the modified harmonic mean estimator of Geweke (1999).
*When shutting down investment adjustment costs, we substitute them with standard capital adjustment
costs. See Appendix E for details.

rising from 0.14 to 0.88. Second, and perhaps surprisingly, information frictions on the same
shock become weaker: the Kalman gain k, more than doubles, from 0.23 to 0.53. Third, the
measurement error on consumption revisions rises by 60 percent (see Appendix E).

These three movements are symptoms of a tension: macroeconomic aggregates are highly
persistent, whereas current forecast revisions of their growth rates display little persistence
and are only weakly related to contemporaneous forecast errors (as suggested by the em-
pirical Kalman gains in Figures 1 and 2). Since preference shocks are the primary driver
of consumption fluctuations, the baseline model reconciles these two facts through a clean
separation of roles: strong habit formation supplies the intrinsic propagation that makes con-
sumption persistent, while the low persistence of preference shocks, combined with strong
information frictions, delivers the weak persistence of consumption growth revisions.

Without habits, the main remaining source of consumption persistence is the shock itself,
so p. must rise substantially. But the persistence of average expectations is governed by
(1 — k.)pe (equation 26), so the model must attenuate the information friction to preserve
the weak persistence of consumption growth revisions. The offset is only partial, raising the

persistence from 0.11 to 0.41. Forecast revisions remain far more inertial than in the data,
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and the residual mismatch is absorbed by the larger measurement error on consumption
revisions. Habit formation therefore provides the intrinsic propagation needed to reconcile
the observed persistent consumption dynamics with weakly persistent consumption growth
revisions.

By contrast, investment dynamics illustrate a viable form of substitution. Replacing
[IAC with CAC in the full dataset improves fit marginally, by about 6 log points. The two
exercises are structurally identical. First, investment is persistent, and investment growth
revisions are weakly persistent. Second, capital adjustment costs impose no penalty on
changing the rate of investment, so replacing IAC removes the intrinsic propagation that
generates hump-shaped investment, just as removing habits removes it from consumption.

However, the estimated parameter configuration in the CAC model generates a balanced
combination of capital adjustment costs, shock persistence, and information frictions that
better accommodates the dynamics of investment and of its growth revisions. The model
selects sizable capital adjustment costs®? together with, relative to the baseline, a more
persistent investment shock (p; rises from 0.42 to 0.80) and weaker information frictions (;
rises from 0.46 to 0.59).33

The role of information frictions. We also assess the contribution of incomplete in-
formation to fitting the complete dataset. Imposing full information for all shocks lowers
the log marginal likelihood by about 219 log points, substantially more than the loss from
shutting down standard frictions. This indicates that information frictions are central for
matching expectations data in our environment.

Across shocks, information frictions on preference and investment-specific shocks are the
two most important single components: imposing full information for either one alone lowers
the log marginal likelihood by about 89 and 75 log points, respectively (together accounting
for the bulk of the full-information loss). Information frictions on government expenditure
and cost-push shocks matter as well (drops of about 49 and 39 log points, respectively).
Frictions associated with the remaining shocks play a comparatively minor role: imposing
full information for the monetary policy, TFP, or wage mark-up shock lowers the log marginal

likelihood by about 20, 18, and 8 log points, respectively.

32The posterior mode of the capital adjustment cost parameter is s, = 20.8. Standard calibrations pin
this parameter down from steady-state relationships that are common to full- and imperfect-information
models. Bernanke et al. (1999) calibrate s} by setting the steady-state elasticity of marginal ¢ with respect
to the investment rate to 0.25, and report values in the range [0,0.5], while noting the lack of consensus
in the literature. In our CAC model, the implied elasticity is 0.61, above this range. One interpretation is
that informational frictions dampen the response of ¢, requiring stronger CAC to match observed investment
dynamics.

33The persistence of average expectations about the investment shock, (1 — k;)p;, rises only from 0.23 to
0.33, a far smaller change than shutting down habits imposes on its consumption counterpart.
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Taking stock. Taken together, the results provide an important qualification to the substi-
tutability view. Standard inertial mechanisms are not essential once incomplete information
is allowed: shutting down price indexation or replacing investment adjustment costs with
capital adjustment costs each slightly improves fit relative to the baseline, while removing
wage indexation lowers it only marginally.

The key exception is habit formation. The reason is that expectations data jointly identify
shock persistence and information frictions through the dynamics of forecast revisions. For
investment, capital adjustment costs provide sufficient intrinsic propagation to accommodate
moderate persistence and moderate information frictions consistent with the revision evi-
dence. For consumption, no such alternative exists: without habits, matching consumption
persistence requires highly persistent preference shocks, which generates overly persistent

revisions that the expectations data reject.

6 Conclusion

We develop a solution method for dispersed-information DSGE models that accommodates
endogenous state variables, and use it to estimate a medium-scale model with Bayesian
methods using both macroeconomic and expectations data.

When disciplined by expectations data, the estimation identifies strong information fric-
tions across all structural shocks, consistent with survey-based measures of information rigid-
ity from the SPF. These frictions dampen general equilibrium propagation by slowing the
updating of agents’ beliefs, making the partial equilibrium effects of each shock more promi-
nent. How this dampening manifests depends on shock persistence: persistent shocks subject
to strong frictions generate hump-shaped dynamics in average expectations, which are cru-
cial for the hump-shaped inflation response to cost-push shocks. Less persistent shocks are
mainly attenuated on impact.

The interaction between shock persistence and incomplete information also determines
which standard inertial mechanisms remain essential. Information frictions can replace most
of them: shutting down price indexation or replacing investment adjustment costs with
capital adjustment costs each slightly improves fit, while shutting down wage indexation
worsens it only marginally. Without habits, matching consumption persistence requires
highly persistent preference shocks, which generates overly persistent forecast revisions that
the expectations data reject.

Natural extensions of our work include embedding richer informational structures with
public signals, and studying the business cycle consequences of belief fluctuations driven by

noise shocks (Lorenzoni, 2010; Blanchard et al., 2013) or confidence shocks (Angeletos and
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La’O, 2013; Angeletos et al., 2018). In conclusion, we see an open avenue for exploring the

quantitative potential of macroeconomic models with information frictions.
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A Log-linearized model

The log-linearization of the model’s optimality conditions leads to the following system of
equations. For the derivation of these equations from first-order conditions, including the

detrending procedure, see Sections G-I.

e/ 1 /1 1—p/y ) .
= C—1+ ——— En+lc dh — Eyry —mq + (v, —
o T T o ht[Chi1] 1T o/ tlre — T + (25, — 2f)]

(A1)

, 1\ B R 1 7, [
iy = (14—5) Q1+ (1—!—6) /0 Ep4lin141) dh + (W) (Qt + E; {xt}) (A.2)
0 = (5(1_5)> /O En[anisr] dh + (1 — M) 2, [er] — Eylry —ma1]  (A3)
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where k), = %, Ky = % and 6, = 1;—5” E[] = fol E;[]di denotes av-
erage expectation, where E;;[-] = E[- | Z] is agent i’s expectation based on her information

45



set at period t, Z;.

All equations are standard in macroeconomic models. Equation (A.1) is the Euler equa-
tion for consumption. Equation (A.2) is the equilibrium condition for investment, and Equa-
tion (A.3) determines the marginal real value of a unit of capital ¢;. Equation (A.4) is the
law of motion of capital. Equation (A.5) is the optimal condition for capital utilization,
and Equation (A.6) comes from the definition of utilized capital. Equations (A.7) and (A.8)
are the marginal rate of substitution between consumption and labor and the production
function, respectively. Equations (A.9) and (A.10) come from firms’ cost minimization.
Equation (A.11) derives from the aggregate resource constraint, while Equation (A.12) is
the Taylor rule. Finally, Equation (A.13) is the New Keynesian Phillips curve for prices,
Equation (A.14) describes wage dynamics, and Equation (A.15) is the optimal wage setting

condition.

B Signal extraction and steady-state Kalman gain

In section 4 of the main paper, we estimate the steady-state Kalman gain for each shock
directly. While the Kalman gain is an endogenous object, our information structure implies
that it has a one-to-one relationship to the private signal variance, conditional on the shock
persistence and variance. In the following, we show that this is the case.

Recall that all shocks have the same AR(1) structure given by

o=l el b~ N0, 02). (B.1)
where [ € {a, C, 1y g, Dy W, T}‘

Agents use information from their signals, restated here for convenience:

Sé',t =7, + vé',t? Ué‘,t ~ N(0,77). (B.2)
Agents must form expectations about the whole hierarchy of expectations of all shocks
and the solution method takes this into account. Here we simply show how our measure
of information friction — the steady-state Kalman gain from the first-order expectation of
individual 7 — can be found as a function of deep parameters.
Since shocks and their respective signals are independent, their signal extraction can be
written separately. The rational expectation of each shock [ can be computed by the Kalman

filter using (B.1) as state equation and (B.2) as measurement equation.
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The update equation of the Kalman filter is given by
Bjslat) = Bjmalag) + ki [, = Ejoalsh] (B3)

where k; is the steady-state Kalman gain. The steady-state Kalman gain for each shock
[ can be computed by the standard Kalman filter equations applied to the state equation
(B.1) and measurement equation (B.2) and evaluated at the steady-state. This implies the

following expressions:

- D1

k= —— B4
l ﬁl +Tl2 ( )

o= p;(1—k)p + o} (B.5)

where k; and p; are the Kalman gain and the mean squared error (MSE) of the one-period
ahead prediction error both at steady-state.
Note that the Kalman gain can be expressed alternatively in terms of the MSE relative
to the shock variance such that
- i
=
P+ TZQ
pr=p}(1=k)p +1
where p; = p;/o? is the relative MSE and r; = 7;/0; the noise-to-signal ratio. The first
equation simply divides the denominator and numerator of equation (B.4) by ¢ while the
second equation can be found by dividing equation (B.5) by ¢ on both sides.

Both equations lead to the quadratic Riccati equation in terms of the noise-to-signal

ratio:
~2 2,2\ ~ 2 _
p1_<1_(1_/01)7“l)]9l_7"z—0 (B.6)

This equation also has a unique positive solution, leading to p;, = p;(pr, 7).
This implies that the steady-state Kalman filter depends only on the persistence of the
shock and the noise-to-signal ratio k; = k;(p;, ;) € (0,1).

C Data

This appendix describes the construction of the observed macroeconomic variables and fore-

cast revisions used in the estimation. Data on macroeconomic aggregates are collected from
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the Federal Reserve Database (FRED) and expectations data come from the Survey of Pro-
fessional Forecasters (SPF). The time series collected to construct the database are displayed
in Table C1. The data starts in 1981Q4 due to the expectations data collection and ends

in 2007Q4, before the Great Recession, to avoid issues with lower zero bound of the interest

rate.
Table C1: Database

Series Description Measure Source
GDPC1 Real Gross Domestic Product Billions of Chained 2012 Dollars BEA
PCECC96 Real Personal Consumption Expenditures Billions of Chained 2012 Dollars BEA
GPDIC1 Real Gross Private Domestic Investment Billions of Chained 2012 Dollars BEA
GDPDEF Gross Domestic Product: Implicit Price Deflator Index 2012=100 BEA
DTB3 3-Month Treasury Bill Secondary Market Rate Percentage points FED Board
PRS85006063 Nonfarm Business Sector: Compensation Index 2012=100 BEA
HOANBS Nonfarm Business Sector: Hours of All Persons Index 2012=100 BLS
CNP160V Civilian Noninstitutional Population Thousands of People BLS
RGDP Average forecast for the Real Gross Domestic Product Chained Dollars (base year varies) SPF
RCONSUM  Average forecast for the Real Personal Consumption Expenditures Chained Dollars (base year varies) SPF
RNRESINV  Average forecast for the Real Nonresidential Fixed Investment Chained Dollars (base year varies) SPF
RRESINV Average forecast for the Real Residential Fixed Investment Chained Dollars (base year varies) SPF
RCBI Average forecast for the Real change in Private Inventories Chained Dollars (base year varies) SPF
PGDP Average forecast for the GDP Price Index Index (base year varies) SPF
TBILL Average forecast for the annualized three-month Treasury bill rate Percentage points SPF

Note: BEA, BLS, Fed Board and SPF stand for, respectively: U.S. Bureau of Economic Analysis, U.S. Bureau
of Labor Statistics, Board of Governors of the Federal Reserve and Survey of Professional Forecasters.

All variables from the Survey of Professional Forecasters (SPF) are suffixed with a number
indicating the forecast horizon. We use horizons 1 through 3, which correspond to the
previous quarter, the current quarter, and one-quarter ahead, respectively. For example,
RGDP1 is the nowcast of real GDP for the quarter prior to the survey’s release, RGDP2 is
the nowcast for the current quarter, and RGDP3 is the one-quarter ahead forecast.?*

Real output (GDPC1), consumption (PCE) and investment (GDPIC1) are calculated
by dividing them by the Hodrick-Prescott (HP) filtered trend of the population index
(CNP160V), denoted by HP(CNP160V). This method, as discussed by Edge and Giirkaynak
(2010), avoids incorporating fluctuations caused by measurement changes from the Census
Bureau.

Real wage is constructed by dividing the compensation in the nonfarm business sector
(PRS85006063) by the GDP deflator (GDPDEF). Per capita total hours is computed by
dividing hours of all persons in the nonfarm business sector (HOANBS) by the smoothed
population index. Inflation is defined as the annualized quarterly growth rate of GDP deflator

(GDPDEF). The nominal interest rate is measured by 3-month Treasury bill rate to be

34 Although the Bureau of Economic Analysis’s (BEA) advance estimates for the previous quarter are
available, forecasters can still “predict” this quarter’s data by forecasting revisions to the official data.
According to the survey, most forecasters use the BEA’s advanced estimate.
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consistent with the SPF expectations data, as it does not survey forecasts for the federal
funds rate.

Therefore, the macroeconomic data in levels is constructed according to:

Y% = GDPC1,/HP(CN P160V;)
C% = PCE,/HP(CNP160V;)

I = GPDIC1,/HP(CNP160V;)
W2 = PRS85006063,/GDPDEF,
L = HOANBS,/HP(CN P160V,),

The macroeconomic data used in the estimation is given by:

dy;”* = 1001og(Y,** /Y,27)
dc?™ = 100log(C* /C)
dif™ = 100log (1™ /I73)
dwy® = 100 log (W™ /W)
1% =100 (log L™ — Tog L")
7% = 4001log(GDPDEF,/GDPDEF, )
7% = DT B3,

where L°* denotes the sample mean of total hours per capita, L.

Now we turn to the expectations data. Investment expectations in the SPF are bro-
ken down into three components: nonresidential fixed investment (RNRESIN), residential
fixed investment (RRESINV), and change in private inventories (RCBI). Thus, we con-
struct forecasts for Real Gross Private Domestic Investment, RINV EST, = RNRESIN, +
RRESINV; + RCBI, to align with the GPDIC1 index.

It is important to note that the SPF’s expectations data is in chained dollars with varying
base years, while the actual data is chained to 2012 dollars. Additionally, because the SPF
does not survey expectations for the population index, we construct per capita forecast
variables using the same index as the real variables. Thus, our measure of expectation

revisions on per capita variables is not affected by population growth.
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Thus, the expectations data in levels and first differences are given by:

E[Y;11] = RGDP3,/HP(CNP160V,,,)
E®[Y;] = RGDP2,/HP(CN P160V;)
E®[Y, 1] = RGDP1,/HP(CNP160V;_;)
E®[Cyy1] = RCONSUM3,/HP(CNP160V;,,)
E®[Cy] = RCONSUM?2,/HP(CNP160V,)
E®[C,_1] = RCONSUM1,/HP(CNP160V,_,)
E®(I,41] = RINVEST3,/HP(CNP160V,y,)
E[I,] = RINV EST2,/HP(CNP160V;)
E®[I,_1] = RINVEST1,/HP(CN P160V,_,)
B [dys1) = 1001og (B [Viy] / EP[Vi])
E{"[deyyq] = 100 10%( bs[ctﬂ]/EObs[Ct])
EP*(digsa] = 100log (E7* (L] /E7™(1))
Ep[dy,) = 100log (¢ [Yi]/EP™[Y,-1])
EtObS[dCt] 0010%( bs[c]/EObs[Ct 1])
E™[diy) = 100log (Ef"* (L] /EP™ (I, 1)
E%[m11] = 400log(PGDP3,/ PGDP2,)
E%[r,] = 4001log(PGDP2,/PGDP1,)
E%[ri 1] = TBILL3,
E%[r,) = TBILL2,

where E%°[X,] denotes data on the average expectation about X on horizon ¢ based on
information of period s. Growth rates are expressed as percentages, while inflation and the
nominal interest rate are in annualized percentage points.

Our primary expectation series is the average current forecast revision, defined as the
difference between the nowcast of a variable for the current quarter and the previous quarter’s

forecast for that same variable. Thus, the expectations data used in the estimation is given
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Revgy y[m] = E®*[m] — E®S[m]

—5——obs
Revy, 4 [re

obs

Revy [ Xi] = E%[X,] — E%[X,] denotes the revision of the expectation about the same

variable X on horizon t based on new information from period k relative to period s.

C.1 Estimation

The log-linearized equilibrium conditions are reported in Section A, while the data construc-
tion is detailed in Section C. Below we present the measurement equations linking observables
to model variables.

C.1.1 Measurement equations

The following measurement equations link the observed data to the model’s variables:

dyy” =+ ye — Yo
dcfbs =Y+ —Cq
di” =5 + iy — iy
dwfbs =54+ w —w_q
17 =1
7% = T + 4,

(C.1)

Revgﬁs—ﬂdyt] = E[Ay] — B [Ay] + €l
Rev:ﬁs lde)] = E\[Ac] — Ey_1[Ac] + Edet
Revfﬁil[dzt] = B[] — E,_1[Ad)] + Edit
Rev:ﬁs 1] By[m] — E _1[7rt]) +ent
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where ¥ = 100(y — 1) is the quarterly trend growth rate of productivity. The variables with

superscript “obs” correspond to the variables in the database. The notation dz?* denotes

the quarterly growth rate of the variables z € {y,c,i,w} at period ¢. The data on hours

worked (1¢%) is the demeaned log level scaled by 100, while inflation (7¢**) and nominal

interest rate (r¢") are computed in annual terms. 7 = 400(IT — 1) and 7 = 400(R — 1) stand
for the steady-state annualized inflation and nominal interest rates, respectively.

The variables Rev:ﬁs_l[xt], for « € {dy,dc,di,m,r}, are the current forecast revision.

me
x

follow an i.i.d. Gaussian distribution with standard deviations denoted by o', with z €
{dy, dec, di, 7, r}.

Measurement errors £7'¢ in the observational equations associated with forecast revisions

D Solution method and Algorithm

We first start with two Lemmas. The first writes the first-order expectation of the hierarchy

as a linear transformation of the hierarchy.

Lemma 1. The first-order expectation of the hierarchy of expectations satisfy

Et(l) [$§O:I_§):| _ Txgo:k) (D.1)

0 I

is the order transformation matriz.
nxn Onxnic

Proof. By the definition of :UEO:]_C) one can see that E” {xiozl_{) ] = x§1:k+l). By definition for ,
any order s such that s > k does not affect the equilibrium. Then, without loss of generality,

one can set Efs) [z;] = 0 if s > k. Therefore, one can rewrite Et(l) [:EEO:]C)} as

ng,lzk) _ Onl_exn Inl_c xtﬁ
0n><1 On><n Oan]} Iglzk)

1:k+1

Et(l) [x§0:k)] _ _ Txgo;z;)j (D.2)

(1:k)

t p—
Et(k+1)[xt] ]
where the first equality uses the definition of arg ) and the second equality uses that
Et(kﬂ)[:z:t] = 0. In the last equality, T" is defined accordingly.

[

This Lemma builds on Proposition 1 from Online Appendix of Melosi (2017). It explores
the truncation of the hierarchy.
The second Lemma does the opposite: writes the hierarchy as a linear transformation of

the first-order expectation of the hierarchy.
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0:k . . . . .
Lemma 2. xg ) can be rewritten as a linear function of x; and its average expectation such

that i )
xEO:k) = ¢!z, + T/Et(l) {xgo:k)} ’

_ — _ - /
Proof. By definition, x,g():k) can be decomposed as xgo:k) = [mé (xﬁ”ﬂ))’} . Using this de-
composition, the average expectation decomposed as Et(l) x,&ock)} = [(@ ) Et(ml) [z,)'] .

Therefore, one can use this two definitions such that

(0:k) Ty In On)(n]_g Onxn xglifﬂ) / 7 (1) (0:15)_
l't = (il;;) = xt + (’;"1‘1) - BzZEt ‘I—T Et {l’t 3
Ty Onl?:xn ]nl_c Onl_cxn Et [wt] N
where last equality uses the definitions of 7" in Lemma 1 and e,. n

Lemmas are taken from Ribeiro (2018, chap. 3).

D.1 Proof of Proposition 1

Individual and average expectations about the hierarchy. The Kalman filter delivers
the individual conditional expectation, F;;[-] = F[-|Z{], where Z} = {s;,,7 <t} is the
information set of individual 7 in period t.

The state equation is the hierarchy of expectations that is given by the state equation

(34), restated for convenience: ) )
2" = Az"Y + Bey, (D.3)

and the agent ¢ with the observational equation (31), also restated:
514 = Cpwy + Duyy.

Note that s;; is a signal about the shocks and not the whole hierarchy of expectations.

Let the selection matrix e, = [ I, 0,k } such that x;, = emx§0:k). Then, we can rewrite
the signal in terms of the hierarchy as
Siy = C’:L"g():k) + Duvj;. (D.4)

where C' = C,e,.
Each agent ¢ uses the Kalman filter and finds the update equation given by

Ei, {xEO:k)] =Eii [CUIEOZIC)} + K [sit — Eir—1[5i4]], (D.5)
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where Ky is the Kalman gain given by
-1
K =Py 1C" [CPy 1 C' + DL, D] (D.6)

As usual, the mean squared error (MSE) of the one-period ahead prediction error is given
by
Piiije=A [Py — Ki [CPyq|| A+ BE.B'. (D.7)

For details of this derivation, see for instance Hamilton (1995, chap. 13).

Using the observational equation, (D.4), taking expectations and inserting in (D.5) one

can find:
(0:k)| (0:k) (0:k) (0:k)
E’i,t Ty = Eiytfl Ty + Kt C.ﬁEt + D’Uit — CEi,tfl Ty ] (DS)
Therefore, one can rewrite the equation above as
Fue [1P] = (1 = KeC) Bugt [ + K [ €2l + Do (D.9)
where k = n(l_€ + 1). Using the fact that E;; mgozg) = AE; ;1 xg(i:]f) and substituting

equation (D.3), one can find:

Ei,t |:I7E0k):| = (]k — KtC) AEi,t—l |:$7E(1k):| + KtCAI'g(if) + KtCB€t + KtDUZ't (D].O)

We follow the literature by focusing on the stationary equilibrium. Therefore, the ex-
pectation of each individual 7 in the stationary equilibrium is the one which the MSE is in
steady-state, i.e., agents update their forecast based on the steady-state Kalman gain. In
other words, the dynamics of expectations depends only on the properties of the process
they are forecasting and signals, but does not depend on the period ¢.

Combining equations (D.6-D.7), one can find the Riccati equation
-1
Pii1je = A [Peje1 — Py 1 (' [CPye 1O+ DS, D] CPt/t_l} A’ +BS.B (D.11)

Therefore, one need to iterate this equation to find the steady-state MSE, P, and compute
its counterpart Kalman gain, K. Nimark (2017) shows that if is z; stationary process, then
the expectations hierarchy about this process, xﬁ”ﬁ’é), is also stationary. Given this and the fact
that X, is positive definite, there exists a steady-state solution such that P = P = Pyje—1

which implies the steady-state Kalman gain K = K; = K;_; (see Hamilton, 1995, chap.
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13).
Expressions (36) in the Proposition 1 are equations (D.6-D.7) using the steady-state
Kalman gain, K, instead of Kj.

Moreover, the average expectation is easily computed by
- 1 - - -
B [x?:’f)} - / E,, [xg&'@] di = (I, - KC) AE,., {xi(i”f)] + RCA"P 4 RCBe, (D.12)
0

Analogously, the individual and average expectation of Proposition 1 are equations (D.10)

and (D.12) using the steady-state Kalman gain, K, instead of K.

Verify guess for xEO:k). In the first part of the proof, we found the average expectation

(D.12) for the guessed dynamics of the hierarchy of expectations (D.3).

Now we verify the guessed hierarchy and find the coefficients (A, B) consistent with the
average expectation.

Substituting the average expectation from equation (D.12) into the expression from

Lemma 2 one can find that:

2 _ o 4T [(Ik ~KC)AEY, [a:ﬁ??] +KCA2" + KCBe,

Then, using the shocks definition (30) and the fact that xz;, = exxEO:k) one can rewrite

equation above as

20P — ¢ (Alexxfff) + 6,5) +T' (I — RC) AEY, |oP] + T'RCO A" + T'ROBe,

Using Lemma 1 at period ¢ — 1 into equation above and rearranging:

wioz}g) = {G;Alez‘ + T ([k - KC) AT + T/KCA] mg[ﬁ) T [T/KCB t 6;] Ee- (D-13)

This expression shows that the expectations hierarchy is a function of its lag and struc-
tural shocks, as guessed in equation (D.3). Therefore, the expression above verifies that x%OZE)
follows the guessed form and the square brackets terms provide identities for A and B in
equations (35)

]
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D.2 Proof of Proposition 2

This proof builds on techniques developed by Ribeiro (2018, chap. 3). The key difference
is that we guess a law of motion for individual endogenous variables instead of guessing
the aggregate. This allows recovering expressions for solving for (Qp, Q1) and then get the
solution for Q. We also consider the exogenous information case only.

The guessed law of motion for individual endogenous variables is given (32), restated for

convenience:
Yi, = RYi1 + Qoz + QuEi, {xioﬁ’f)] . (D.14)
Aggregating the individual law of motion (D.14):

Y,=RY,_ + Qoﬂft + QlEt(l) [1'1(50:]2)] (D15)

— RY,_, + Qozs + Qi Tz "® (D.16)

where the last equality uses Lemma 1.
By computing the individual expectation of the endogenous aggregate variables, one can
find that .
Eua Vi) = RYio1 + QoFu o] + QuTEyy 2™

0:k)

=RY,_1 + (Qoex + QiT)E; $§ (D.17)

0:k)

EV Y] = RYi_ + (Qoer + QuT)EY |2

where the first equality uses that Y;_; is known, second equality uses the definition of the
selection matrix, e,, and the third equality aggregates.

Similarly, the individual expectation for endogenous variables in ¢ + 1:
(

0:k)
Tit1

Eit Vi) = RE Y] + QoL [vi41] + Q1T Es

=RE;; [V} + (QoAie, + QiTA)E;, [%Eo:k)}

) (D.18)
= Ry + [R(Qoes + Qi) + (Qore, + QuTA) By [«
EY v, ] = R, R T A TA) ED |05
e [Yig] -1+ [R(Qoex + Q17) + (QoAre, + Q1 NE: |y

where the second equality uses equations (30) and (34), and the definition of e,. Third
equation uses equation (D.17) and the fourth aggregates.

Finally, taking the individual expectation of the law of motion (32) in period ¢+ 1 implies
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that

EiilYigr] = RYiy + QoEi[ve] + QuEis | B wl(fg-:’f)
= RY,, + (QoAie, + QuA)E;,; |2\

where the second equality uses the law of iterated expectations (which holds for i’s expecta-
tion but not for the average expectation), equations (30) and (34) as before.

Aggregating the expectation above leads to

1 —
/ Ei,tD/;J-‘rl]di = R}/; + (QOAlex + QlA)Et(l)[ink)]
0

— R|RYi1 + Qoo + QB [o7]] + (Qodie. + QuA) B 517

= RV, + RQox; + [RQ1 + (QoAre, + Q1A)] Et(1)[x§0:k)]
(D.19)
where the second equality uses equation (D.16). Note that fol E;i Y ]di # EY [Yiia]-
Substituting the guessed solution (D.16) and the expectations (D.17-D.19) into the sys-

tem of equations (29) one can find:

Fy {RQY;—l + RQoz: + [RQ1 + (QoAie, + Q1A)] Et(”[a;ﬁ“:k)}] +

Fy {RZYH + [R(Qoes + QuT) + (QoAre, + QiTA)| BV [mg&"ﬂ)” +

k)

Gr Rt + Qo+ QB [of"]| 4 G [RYis 4 (Qoes + QuD)EY [ | +

H)/t—l + [(LAl + Mg)] €$Et(1)

xg():k)] + Mizy = Opxa
which can be rearranged to
[FR?+ GR + H| Y1 + [(FAR + G1) Qo + Mi]

[F1 [RQ1 + (QoAie, + QuA)] + F> [R(Qoes + QiT) + (QoAre, + QiTA)| +

G1Qu + G (Qoes + QuT) + (LA + My)e,] B |af™

'Tl(f = Om><1

which can be simplified to

[FR?+ GR + H| Y1 + [[FIR + G1] Qo + M z,+
[FR +Gi] Q1 + F1QiA + (FR + Go)QuT + FoQiTA

(R + G2)Qo + (F1 + F2)QoAr + (LA + My)] e,] ED [0

= 0m><1
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This condition must hold for all realizations of Y;_;, z; and Et(l) xgozk) . Therefore, all

coefficients between square brackets must be zero, which leads to

FR? +GR + H = 0p0m,

[FiIR 4+ G1] Qo + My = 0k,

[FR+ G Q1 + FIQuA + (R + Go)QuT + F,QiTA
[(FR 4+ G2)Qo + FQoA; + (LA, + My)] ey = O

which leads to the same equations from Proposition 2. R can be solved using Uhlig (2001)
method. For a given solution of R, Qg and Q; can be solved by straightforward vectorization
as discussed in the Proposition.

]

D.3 Algorithm

Algorithm.  Set the initial values (A B(®) a small tolerance ¢ > 0 and set i = 1.
Then, follow the steps:

1. Given A = AC=D and B, compute K and P using equations (36) using standard
solver for Riccati equations. Set K@ = K and P® = P.

2. Given A=Y and K@, compute the right hand side of equations (35) and solve for B
and A the equations by matrix inversion. Set B = B, A®) = A.

3. If max {|[B® — BO-D|| |[A® — AGD|| [[PO — PE-D||} < ¢ stop iterating. Other-
wise, set ¢ = ¢+ 1 and go back to step 1.

Given the solution for A, one can use standard techniques for solving for (R, Qg, Q1, Q)

using Proposition 2.

E Posterior estimates when shutting down frictions

Table 5 in Section 5.2 of the main paper shows the marginal likelihood of the models shutting
down frictions that generate inertia re-estimated for both datasets. In this appendix, we show
the details of the posterior estimates of each of those models. The priors are the same as
the baseline for all unaffected parameters, with the exception of the exercise where we shut

down investment adjustment costs.
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If we completely shut down investment adjustment costs, investment would freely adjust
to shocks, which is a well-known issue for explaining the investment data. Thus, when shut-
ting down investment adjustment costs, we add capital adjustment costs. In the following,
we briefly show which equations are changed in the model and in the log-linear version. The

details of the derivation are in Sections G-1.

CAC model In the baseline model, we use the following law of motion (Equation 10 in

the main paper), reproduced here for convenience:
Kpy = (1= 0) Ky + € (1= S(Ing/Inp1) Ing, (E.1)

where S(I;/I;—1) is the adjustment investment cost function such that S(v) = S’(y) = 0,
and S”(y) = §” > 0, as in Christiano et al. (2005).

In the model with standard capital adjustment costs in the tradition of Bernanke et al.
(1999) and Chari et al. (2002), the law of motion for capital is the following:

Ko — (1 5o ( I, >> Kopr 4Ty (E.2)
K1
Note that Si(-) is the capital adjustment cost (CAC) function such that Sg(y—1+9) =
Si.(y—=146) = 0, and S}/ (y—1+0) = s} > 0. s} is the parameter governing capital adjustment
costs. When v = 1 (there is no balanced growth for productivity), the specification is the
same as in Chari et al. (2002).
In the presence of capital adjustment costs, the first-order conditions for capital and

investment are, respectively:

Ep[®hi] = BEnt [Ani+1 (Riit1Unisr — P1a(Up )]

Luti1) | o (Inen) Tninn (E.3)
E,, |® 1—-6—-S : S : :
+BEn; [ hot+1 [ k ( Kns ) + S5 Kns ) EKns
i 1
Ep[Pniet] = Epy [(I)M <1 + 5 <Kh7t ))1 . (E4)
hit—1
In this version, the log-linearized investment equation becomes:
= ki1 + ! + E4[#1] (E.5)
iy = kg z .
t t—1 3%(7_ (1 _5)) q 1Ty
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and the log-linearized version of equation of the capital pricing equation becomes:

g = <1 - (1_75)5> Ey [rf] + (W) /0 1 Entlanee] dh — Eyry — meai)

1-6\>( /! _
+B7s), <1 - 7) </0 Bt [int1] dh — B [h])

where ¢, = fol [qn.t] dh is the average expected shadow price of capital.

For estimating the CAC model, we need to define a prior distribution for s. We follow
the same approach used to choose the prior for IAC. We assume a Gamma distribution with
mean 4, which is the distribution and mean from the TAC model for s”. This leads to a
standard deviation for investment growth rate that is at par with the baseline model. We
decide to use a flatter prior due to the lack of medium-scale DSGE models estimated with
CAC, leading to a standard deviation of 2.5 (we use 1.5 for the IAC).

Table E1 shows the posterior estimates when shutting down standard frictions for the
complete dataset. In the specification without standard frictions, habit formation and price
and wage indexation are shut down, and investment adjustment costs are replaced by capital

adjustment costs.
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F Higher-order truncation

In the baseline estimation reported in Section 4, we truncate the hierarchy of average higher-
order expectations at order k = 6. To assess the sensitivity of the results to this choice, we
re-estimate the DI model on the complete dataset using k = 12.

The marginal likelihood under k& = 12 is essentially unchanged relative to the baseline,
indicating that the lower-order truncation already provides an accurate approximation to
the equilibrium policy functions. Most posterior estimates are also similar across the two
truncation orders, as reported in Table F1.

The main exceptions are the following. Two standard frictions become weaker: the
investment adjustment cost parameter s” falls from 4.83 to 3.35, and wage indexation ¢,, falls
from 0.76 to 0.28, both consistent with the view that information frictions can substitute for
standard inertial mechanisms. A few other parameters also move: the Taylor-rule response
to inflation declines from 3.02 to 1.48 (while the response to output rises from 0.06 to 0.31),
the Calvo price parameter §, increases from 0.84 to 0.95, and the persistence of the price-
markup shock p, falls from 0.74 to 0.43. These changes leave the marginal likelihood, and

the model’s fit, essentially unchanged.

G Log-linearized households’ problem

G.1 Detrending procedure

Before deriving the log-linearized equations, we discuss the detrending procedure.

All real variables grow along with the productivity trend, so they are detrended as follows:
Z, =% for any real variable Z;. Nominal variables grow along with the price level P;, hence
! z

t 35

E.

One exception is that optimal prices and wages are detrended by dividing them by the
price level of the last period: P}, = P;,/P,_y, while Wy, = W ,/7*Pi_;.*

Stationary variables are transformed by taking their log-deviation to steady-state value

they are stationarized using the following procedure: Z, =

as follows: z = log(Z;/Z), for any stationary variable Z;. Thus, lower case variables denote

log-deviation from steady-state of the upper case variables.

350ne exception is the Lagrange multiplier of the budget constraint, A;, that must be normalized to Ay =
Ayt P;, since it reflects the marginal utility of an additional unit of money, which declines as consumption
grows at rate v and the price level rises.

36This simplifies the derivation as Eh,t[W;t] = W;t and E; ,[P},] = Pl*t since agents observe P,_;. This
would not be true if we detrended them using F;. '
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Table F1: Posterior distributions: k = 6 vs. k = 12 truncation (complete dataset)

Prior Baseline (k=6) k=12
Dist. Mean Std. Dev. Mode 5% 95% Mode 5% 95%

Parameters

Endogenous propagation parameters

X g 2.00 0.75 1.51 0.92 214 1.11 0.63 1.40
%) B 0.50 0.20 1.00 0.99 1.00 0.99 097 0.99
a” g 0.20 0.10 0.06 0.06 0.22 0.22 0.14 0.44
s” g 4.00 1.50 4.83 3.62 6.80 3.35 265 5.00
Dy G 0.20 0.10 0.06 0.04 0.11 031 0.22 0.44
o G 1.50 0.50 3.02 243 388 148 1.09 1.97
O B 0.50 0.20 0.87 0.84 090 091 0.87 0.93
lp B 0.50 0.20 0.03 0.01 0.13 0.17 0.07 0.70
Lw B 0.50 0.20 0.76 037 091 0.28 0.10 0.67
& B 0.67 0.05 0.84 0.80 0.87 095 0.92 0.96
&w B 0.75 0.05 0.81 0.78 0.85 0.87 0.81 0.90
Steady-state parameters

Tss g 2.62 0.50 2.07 156 2.72 1.93 148 2.58
Tss g 5.15 0.50 6.58 583 7.62 535 4.80 6.02
Vss g 0.50 0.10 0.36 0.31 041 0.48 0.46 0.50
Structural shocks parameters

Pe B 0.50 0.20 0.14 0.07 0.21 0.17 0.09 0.24
Di B 0.50 0.20 0.42 0.33 0.50 041 0.34 0.48
Pg B 0.50 0.20 0.97 095 0.99 098 0.96 0.99
Pp B 0.50 0.20 0.74 0.65 0.81 043 0.12 0.52
Puw B 0.50 0.20 0.17 0.09 0.25 0.34 0.25 0.49
Pr B 0.50 0.20 0.44 031 057 041 0.28 0.56
Pa B 0.50 0.20 1.00 1.00 1.00 1.00 0.99 1.00
O¢ G  0.50 1.00 1.06 0.87 1.52 1.02 0.84 1.44
o G  2.00 1.00 2.73 237 326 3.00 261 3.62
o 76  0.20 1.00 0.55 049 0.65 0.63 0.56 0.73
Op g  0.20 1.00 0.26 0.20 0.41 042 0.29 0.66
Ow G  0.50 1.00 094 0.72 176 0.61 0.40 1.30
oy 76 0.20 1.00 0.13 0.12 0.15 0.12 0.11 0.14
Oq g 0.20 1.00 0.47 042 0.54 048 0.44 0.56

Information friction parameters

ke B 0.50 0.20 0.23 0.17 029 0.25 0.19 0.31
k; B 0.50 0.20 0.46 042 0.51 047 0.44 0.52
kg B 0.50 0.20 0.52 049 0.56 0.53 0.51 0.57
kp B 0.50 0.20 0.33 0.25 042 0.26 0.19 0.40
Ko B 0.50 0.20 0.37 0.23 053 050 0.27 0.73
k, B 0.50 0.20 0.72 059 0.82 0.68 0.52 0.79
ko B 0.50 0.20 0.01 0.00 0.01 0.06 0.04 0.08
Measurement errors standard deviation

03;6 74 0.10 0.02 0.30 0.26 0.34 0.33 0.30 0.38
oe g 0.07 0.02 0.20 0.19 0.23 0.21 0.19 0.23
one g 0.50 0.10 1.24 1.11 139 124 112 1.39
omne g 0.15 0.04 0.51 046 059 045 0.41 0.52
o g 0.15 0.04 0.29 026 035 028 0.24 0.34
Marginal Likelihood -1381.55 -1384.59
Number of MH Draws 800k 400k

MH Burn-in 50% 50%

Note: Both truncations are estimated on the complete dataset (macroeconomic and expectations data) and
same priors.
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G.2 Euler Equation

We first detrend and log-linearize equations (G.1) and (G.2) to get the usual Euler equation

for consumption:

B sAniB) = 7] (G.1)
ht|Ahtlt] = Cht — ¢Chis .
Eh,t[Ah,t] = 5Eh,t [Ah,t—HRt] . (G-Q)
Detrending equation (G.1), we get
Eh t |:€x§:|
E "Ap P = :
" h t t} Chi/ V' = @Chy—1/(v-771)
~ Eh,t (fwg
Eni[Ant] = = { J
Ch,t - @/’YOh,tfl
Log-linearizing the equation above, it follows that
—- 1 + Eh t[ﬂfﬂ
An(1+ Epi[Ana]) = = :
PTGl = /v + cne — o/ voni]
- _ -1
Using the steady-state result Aj, = [C’h (1-— 4,0/7)} we find
(1+ Balnd)) (1 ~ ¥ 4 ene- “”ch,t_1> = (1 - 9”) (1+ B [25)
Y Y Y
Rearranging terms
v/ 1 c
Ept[An] = Chi—1 — ———Cht + Eny 7] (G.3)

hi—1 —
L—p/y ™7 1—g/y

The detrended version of (G.2) is
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We now log-linearize the equation above

i .
AL(L+ Epg[Ang]) = gﬁAhEh,t 1+ N1 + 70 — T

Using the steady-state result that II/R = 3/~ and rearranging terms

Eni[Anit] = Ent[Ants1 + 16 — Tp] (G.4)

Substituting (G.3) into (G.4) implies

I R S
L—@/y ™ L—o/y
w/vy 1

hit | ———Cht — ———Chi41 + T + 11 — 7Tt+11
1— /v 1— /v o

Cht+ Eng 2] =

Rearranging terms

1 1—
w0/ s@/’yE

Chy = ————Chi—1 + ———F1 4|c e
ht 1+90/7 ht—1 1+90/’Y h,t[ h,t—i-l] 1%_90/7 hit

[re = moer + (2550 — 25)]
Integrating over h, we get the log-linearized Euler equation

w0/ 1

=2 =
Tl e/y T 1/

/1E enpr] dh — ~= 2/ + (25,1 — 2)] (G.5)
c ——Fr,—7 i, —x .
o h,t|Ch,t+1 1+ 90/")/ t|lt t+1 t+1 t

where ¢; = fol cnt dh denotes aggregate consumption. The habit reference is the household’s
own past consumption cp—1 (internal habits), and the household does not internalize the
effect of current consumption on next period’s habit stock, a behavioral-friction assumption

that preserves the first-order Euler equation.

G.3 Equilibrium condition for investment

In the baseline model, we assume that investment decisions are subject to an investment
adjustment cost. However, in a later exercise, we consider adjustment costs in capital instead.

This section derives the investment equilibrium condition for both cases.
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Investment adjustment costs. The first-order condition for investment (G.6) with ad-

justment costs in investment is the following:

w52 () )

I Ini—1) Ins—
2
; Inii1\ (Intsa
(I) xt+1S/ 5 B
e ( Iy ) ( Iny

We start by detrending the equation above

, o i f \
EnilAnd) = Bne [nse”] (1 - <7f ) -9 (7f ) T ) "
hit—1 hit—1 hit—1

R . 2

A ; I 1

(I)h,t—f—lextHS/ (7 hitH) (7 hﬁtH)
In+ In+

Using the definition @y, = Ej 4 [@h,t/ﬂh,t], it follows that

(G.6)

+BEn4

éEh,t
7

. I I I I
Eh,t[Ah,t] = QniEny [Ah,temt] (1 -5 (’Y = i > -9 (’Y = ot > ¥ ot ) +

Ih7t_1 Ihﬂf—l fh,t—l
7 P 2
A i Z’ ]—
éEh,t Qh,t+1Ah,t+1€xt+1S’ (7 hf“) (7 hj“)
r)/ Ih,t Ih,t

We now log-linearize the equation above using the following approximations

I . .
LS [ Lhyt — Tht—1
Ini—1
S (YL +ing — tng—1)) = S(y) + S (Y) (ing — ing—1) =0

S (YA 4 dngg1 —ing)) = S (7) + 1" (V) Gngs1 — ine) = 8" (Ghgs1 — iny)

The log-linearized version of the equilibrium condition for investment is

1+ Epe[Ans) = Qh (1 + qnt + Ent[Ant] + Eny {l’iD (1 - ’725’”(%,1& — 1)1+ ips — Z'h,tfl)) +
QnBY*Eny [(1 4 M) (1 + i) (ineer — ing) (1 + i — ing1)?]

Using the steady-state result @, = 1 and dropping second-order terms off, it follows that

Eni[Mnil = ani + Eni[Mng] + Englrl] — 28" (ing — ini—1) + By*S" (Enilingi1] — ing)
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Rearranging terms, we get

1 1 '
Iyt = (Hﬁ) Iht—1+ (H%) Eh,t[ih,tﬂ] + (8”(1—1—@’)/2) (qhvt + L [xq)

Integrating over h yields the aggregate equilibrium condition

1. L 1 2, (o
iy = (Hﬂ) i1+ (1—1—%) /0 Eptlin 1] dh + (W) (Qt + £ {l’tD )

where i, = fol ihtdh and ¢ = fol gnt dh denote aggregate investment and the aggregate

shadow price of capital, respectively. Finally, we normalize the shock as follows

. 1 , s ' , 1 B [
it = (H—ﬂ) i—1+ <1+5> /0 Eptline+1] dh + (W) @+ Ey {%} ; (G.7)

where 2! = xt/(s"(1 + 8)7?).

Capital adjustment cost. In the case with capital adjustment costs, the first-order con-

dition for investment is

i I
En|®nse™] = Epa[Ane 2] (1 +9 (“)) .
Knia

Detrending and using the definition Qp; = Eh,t[ci)mt / JAXM] yields

A~ i N j
QniEnt[Ange™] = Epi[An] (1 + 5’ (7 - >> '

hit—1

We log-linearize the equation above using the following first-order approximation around the

steady state

Ly I L I I
Sy=—— =S (1= |+ |1v=———7= |~ y=(int — kns
(7 - ) (’yp,) VF'h,H % vp,( ht — Kni-1)

Using the steady-state result I,/ K; = 1 — (1 — )/, it follows that

Qht + Eh,t[xi] =" (v = (1 =9)) (ine — kns—1)
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Rewriting in terms of investment yields

: 1 i
the = kpi—1 + (8”("}/ — (1 — 5))> Ght + Eh,t[l‘t]

. i
after we use the normalized shock 7} = - ( i

(=5 Finally, we integrate over h to get

it = kt—l —+ ( qt -+ Et {‘f?;] (GS)

=)
s"(y = (1=9))
G.4 Asset pricing equation for capital stock

In the baseline model, we assume that investment decisions are subject to an investment
adjustment cost. However, in a later exercise, we consider adjustment costs in capital instead.

This section derives the investment equilibrium condition for both cases.

Investment adjustment costs. We use the households’ first-order conditions for capital

(G.9) below to get an asset pricing equation for capital:

Epa[®hs) = BEns [Aness (REiUniir = Praa(Unesn)) | + (1= 6)BEn: [®nsa]  (G.9)
We detrend all variables in (G.9),

Bn [1] = =B [Rnsen (RE Ui = alUnenn))] + (1= 82 B [

Using the definition Qp = Ep4[Pp+/An P, it follows that

s
Y

QniEny {[\h,t} = —Fpy [Ah,tJrl (]%fHUh,tH — CL(Uh,tH)” +(1— 5)§Eh,t [Qh,tﬂf\h,tﬂ} .
Note that @, can be taken outside the expectation operator Ej|-] by the Law of Iterated
Expectations.

We start log-linearizing using the following approximation
a(Uns+1) = a(Up) + ' (U) (Upgsr — Up) = R¥(Upysr — 1) & Rrupia

and use the following steady-state results to simplify the equation: Q = 1, U = 1, R¥ =
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% — (1 —=9). It follows that

1-6
L+ gne + Ena[Ang = (1 — (ﬂy)ﬁ

<(1_75)5> (1 + Eht [qnis1 + Angra])

) (14 B s + 18] +

Simplifying further yields
1—90 1—9
Ght = (1 - (7)5> Eny [Tfﬂ} + <<7>ﬁ> Entlqnit1] + Ent[Anit1] — Ant

Plugging the log-linearized version of the first-order condition for bonds (G.4) into the ex-

pression above, it follows that

Gnt = <B(1V_5)> Epilan 1] + <1 - 5(17_5)> Ehy {7’;11} — Epy[re — miia]

Integrating over h, we finally get the aggregate asset pricing equation for capital

qt = <B(17_5>> /0 Enilqnt41] dh + <1 - 5(17_5)> E, [Tﬁrl] — By[ry — ] (G.10)

Capital adjustment cost. In the case with capital adjustment costs, the first-order con-

dition for capital is

En[®nt] = BEnt [Ant+1 (Ritt1Uni1 — Prr1a(Up )]

It 1 s Ihi1\ Thita
E,, |® 1—6—-S5 : S : !
+BEh, [ hitt1 [ k ( Kns ) + 5 Kns ) K

Detrending the equation above yields

Eh,t[(i)h,t] = 5Eh,t [j\h,t—i-l (ék,t+1Uh,t+1 - G(Uh,tﬂ)ﬂ

/8 lA fh t+1 / fh t+1 fh t+1
+—Eh [Prys1 |1 =0 =Sk (v=2— |+ 5, [ 7= Y
v K g Ky Ky
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Using the definition Q¢ = Ept[®Ppe/An P, it follows that

QniEny [[\h,t} = iEh,t [Ah,t—i-l (Ef—f—th,t—i-l - a(Uh,t+1)>]

I I 12
—l—BEht[thHAhtH [1—5 Sk( ;(t+1>+5k< ;{t+1>7/1,t+1H.

ht ht K,

We start log-linearizing the equation above using the following first-order approximations

I
3, (’y hA,t+1> ~ 0
Ky

around the steady state:

fht—i—l) ( I> ( [ht—‘rl I) I .

S lv—== ] =5 + s —v—= | = s =i —k

k (7 Kh,t k K LY Kh,t VK k VK( h,t+1 h,t)
I I
;A{i: ~ ?(1 + pgt1 — kng)

We also use the same first-order approximation for utilization capacity and the same steady-

state results as before to get

Qht + Eni[Ang) = (1 - (1_75)5

) (e P 1)+

1—9 .
) (Ent [qnis1 + Anps]) + Bys” (1 - 7) Ent [ing+1 — kngl

Using the log-linearized version of the first-order condition for bonds (G.4), it follows that

dnt = (1 - (1_75)B> Eng {rfﬂ} +

1-6 . 1-6\? ,
<<7)ﬁ> Eh,t [Qh,t+1] + Bvs (1 - 7) Eh,t [lh,t—f—l - /‘Ch,t] - Eh,t[Tt - 7Tt+1]

Integrating over h yields

0" = (1_ (1—5)5> k] +

<(1_76>5> /o1 Bt [an 1] dh + Bysh (1 - 5>2

Note that, as v ~ 1, (I/K)? ~ 6% ~ 0.

E,
( Eht th+1 dh kt) - Et[Tt - 7Tt+1]
(G.ll)
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G.5 Law of motion of capital

In the baseline model, we assume that investment decisions are subject to an investment
adjustment cost. However, in a later exercise, we consider adjustment costs in capital instead.

This section derives the law of motion of capital for both cases.

Investment adjustment costs. The law of motion of capital when there are adjustment

costs in investment is the following

Kh,t = (]. — 5>Kh,t—1 —|— emi(l — S<Ih,t/-[h,t—1))]h,t (G12)

Detrending the equation above yields

. 1-6\ - ; I .
Ky = () Kpiq + e (1 -8 <7 ht >> In 4
Y Ini—1

We log-linearize the equation

- 1—9)\ - ’ . . - .
Kh(l + k?th) = (/y) Kh(l + k?th_l) + (1 + l’i) (1 — S (’7(1 + Zh,t — Zh,t—l))) ]h(l + Zhﬂg)

Using the steady-state result I;,/K; =1 — (1 —6)/y

1+mm:(1;5>a+km4yui+@x1—smu+mm—m&ﬂ»(1—1;5>u+%9

kps = (’7) kpi—1+ (1 - 7) (Zh,t +xp =S (v +dps — ihi-1)) (1 +tpe + ﬂUt))

We use the following first-order approximation around the steady state

S (’7(1 + i — ih,t—l)) ~ S(’Y) + 75/(7) (ih,t - ih,t—l) =0,

which yields

1-§ -0\,
= (b (112 G
v v

Using the normalized shock &} = zi/(s"(1 + $)7?) and integrating over h, it follows that

k&z(1_5>kpy+<1—1_6>%+¢<1—1_5>5%1+5Wﬂf§ (G.13)
Y Y Y
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Capital adjustment costs. The law of motion of capital when there are adjustment costs

in capital is the following

I i
Ky = (1 —0— 5k ( i )) Khpiq+e"tly,
Kpi1

Detrending the equation above yields

e ]. f A i
K = ; (1 —0— 5k ('Y S it >> K1 +etly,

hit—1

We log-linearize the equation above as follows
= 1 . = = . ;
Kn(1+ kny) = . [1—6— Sk (V1 +ing — Fne—1))] Kn(1+ kpg—1) + In(1 +ing + 27)
Using the steady-state result I, = (1 — (1 — 6)/v) K}, we get

kh,t = ; [1 — 0 — Sk (’)/(1 + tht — kh,tfl))] khytfl —+ (1 — ”y) (Zh,t + l‘t>

We use the following first-order approximation around the steady state

| N T[T\
Sk (Y14 int — kni-1)) = Sk <’YI—(> + ’Yﬁsk <’Y[—(> (tht — kni—1) =0,

1-§ -6\,
= (b (112
v g

i
Ty

(= (1=3)

m:(1;5>m4+<1—1;5>@+l@—1;5>y0w41—®ﬂﬁ, (G.14)

G.6 Capital utilization level

which yields

Using the normalized shock ¢ = and integrating over h, it follows that

The optimal value of the capital utilization rate solves

En:[RY) = d' (Uny) Eny[P). (G.15)
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Based on equation (G.15), we obtain a log-linearized version of the capital utilization function

by first dividing both sides of the equation by P,

P, ~ P
a,(Uh7t)Eh7t [Bi1‘| — Eh7t [prti1‘|

We now log-linearize each term and use the following approximation
a/(UhJ) ~ a'(Uh) + a”(Uh)(Um — Uh) = Rk + a”um
This leads to

ﬁ(Rk + CLHU,hyt + RkEhyt [ﬂ-t]) = Rkﬁ(l + Eh7t[7”f + 7Tt])
Up,t = (Rk/a”) Eh,t[rf]

Integrating over h, we have
w, = (R*/a")E,[rF] (G.16)

G.7 Utilized capital level

We log-linearize the capital utilization function Ky =UpiKpyi1 as follows

K /v = UnaKpa—1/(v-7")
k;f,t = Uh,tf(h,tq/’y

u
khﬂg =Ups + kpi1

Integrating over h € [0, 1], we get
k’g = U + kt—l (G].?)

G.8 Marginal cost of labor

We detrend the marginal rate of substitution between consumption and leisure

MRSpy = Ly, (Chy — ¢Chy—1)
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as follows

MRSue/7' = L, (Chi/7' = ¢Chaa /(7 -7')
mh,t = Lif,t (éh,t - @/’Yéh,t—l)

We now log-linearize the variables and use the approximation (1 + )X ~ 1 + xlpn:
MRS(1+ Mrsp) = LXCO(1 + X)L+ chne —©/v7 — @/YChi-1)

Using the fact that MRS = C(1 — /) LX | we get

(14 mrsp,) <1 — SO) =1- L + (1 — ¢> Xlht + cht — fch,tfl
Y 8l 8 8

We rearrange the terms to get

1
mrsps = ( ) (Ch,t - SOch,t—1> + Xlnt
1—p/y Y

We finally integrate over h to get

1
mrs; = <1—90/’Y> (ct —@/vei-1) + Xl (G.18)

G.9 Resource constraint

The resource constraint is defined as follows
Yi=Ci+ I + a(U) K1 + Gy
Log-linearizing each term leads to
Y(1+y)=C0+c)+I(1+14)+ KRu + G(1+ gs)

We use the steady-state result that Y = C' + I + G and divide each side by Y to simplify
the expression above to
Y = ¢y + iyis + RVkyug + gy,
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where ¢, = C/Y, i, =I/Y, k, = K/Y and g, = G/Y. We now derive a formula for g; by

noticing that government expenditures follow the rule below

Gy
? :gy+$§gy(1+gt_yt) :gy'f_l‘?
t
xf
gt =Y + —
9y

Plugging the result above into the log-linearized version of the resource constraint implies

1 (C I RFK
Yt

= ([ =Z¢, + =4, + —— + ) G.19
1_gy YCt YZt % Uy 3715) ( )

H Derivation of price- and wage-setting conditions

H.1 Cost minimization problem

min F;, [WtLi,t + RfKi,t
{Kit,Li}

st. Vi, = AtKﬁtLit"" — ', 3
where A; follows
log(A;) = pglog(As_q) + & (H.1)
The lagrangean is:

min L = Ei,t [WtLi’t + Rsz‘,t - ’Ytq)p + Wit sz‘,t - AtKio,[tLil,t_aH

{Kit,Lit}

The first-order conditions are:

E; . Y;
By W) = (1 - O‘)Hi,t’z[’t]
it

Ei Rk = Ol
it |: t:| )t Ki,t
Dividing both equations yields:

Ei,t [Wt] N 1l -« Kivt
Ey [RF o Ly

(H.2)
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substituting into the production function and solving for K;; and L;; as a function of Y,
it follows that:

[ E; 1¢ 1—ablii|R “ Y,
Y;;’t _ At (6] ,t [VVt] th Li’t _ (6 t |: t:| it
|1 - aE;, R | a B, [Wi| A
_l—aEit[Rk}_lia a  Ei W Ty,
Y;;,t = At ’ t Kzt Ki’t _ 1,t t it
i « E@t [VVt]_ 1_aE',t [Rt} At
Substituting both into the total cost function, we get:
C(Yi,) = _W 1—aFis {Rﬂ " LRk a E, W] e Y 4D
it t o Ez‘yt [Wt] t 1—a El-7t |:Rf:| At t*p
(1— @)W,y [RE] + aREE . Wi | v, o
| ao(1— a)i=eE,, [W))" E, [RE] " | A ’
Finally, the marginal cost is given by:
11—« WEZ Rk + Oé}%kE]Z W, 1
MO = ) = | (W (] + o REEL G (H.3)
a*(l —a)l=eE;, [W|" E;, [Rﬂ Ay

H.2 Price index
The price index is given by

(T R
Pt:U Pit”tdi]
0 b

The firms that do not optimize follow the indexation rule given by
X, =1L 10t

where ¢, € [0, 1].
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Observe that

" J S &p _ 1 1 _ 1
Pt "t _/ Pi,tut di_/ (XtPi,tfl) Hfdi‘i‘/ (Pz*t) Hfdi
0 0 &p

7 74 T
—ex, [ P air (¢ / (Pr) H di
0 0

_ 1

= §;>(X1t—Pt—1)_é + (1 =&)(P)) "y

where the last equality uses the definition of P, in period ¢t — 1 and uses the definition of

_ L —Hy
aggregate optimal price given by P} = { fol(Pi’ft) " dz’] :
o
Dividing both sides by P, }* and using the definition of II, and X,:

: _1

M =g (T, ) 4 (1 - g,) (By) 7 (H4)

A P>
ol t
where Py = 5+

H.3 Optimal price

max 3 EEy, [Aris (PL X1 Yersy — C(Yerap) )|

{Pift} 5=0

. _ M Apets

R R W

s.t. thslt = | — 05— t4s

Pt+s
s lp ml—e

. S (I I ), for s > 1

tits =
1, for s =0

uC(CH—s) })t
uc(ct) Pt-f—s

VI
At,t+s = 55 j\+ = ﬁ
t

where Y; ¢ denote the output from period ¢ + s given that the last price update was done

in period t.
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FOC:

S 1+ Apirs | e Vit T4 Mpres ) Yirs
Z ngi,t At,tJrs Xt,tJrsY;t—I—shﬁ — | R Pz tXt,tJrst%'t + C/(Y%-I—shf) s t+* i =0
5=0 L )‘pﬂt+s 7 Pi,t >‘p,t+s Pi,t
= [ Xitts L4+ Apigs N MCipys
SEit | ApgasYivsy | —— P : =0 H.5
sZ:%)gp ! L LTl ( )‘p,t+s * ( >‘p,t+s szt ( )
© T Xisrs] &, 1+ Apivs ) MCigps
Z ngi,t At,t+sYt+s|t)\t’t+‘| - Z ngz’,t |/L€,t+sﬁ+s|t < \ il ) P:H_ ‘| (H6)
5=0 L Dyt+s 5=0 Dt+s it

H.4 Wage-setting problem

min
Wi}

—Ep Lf:(ﬁfw)sv (Lh,t+s|t>]

=0

" w _ 1+l‘w,t+5
Wi e X{hs Hwtts I
W t+s
t+s

P Chivs + PivsIhivs + Bhivs + Prrsa(Unprs) Knirs—1 + Qtst1.tAn s
k
= Riys1Bnitrs—1 + WhigsLngsit + B UnirsEKnirs—1 + PrpsAnprs—1 + Thits
w *
Wh,t+s = Xt,t-i—sWh,t

(yIT e

s.t. Lh,t+s|t = (

s

s (M) it s>1

if s=0.

X’LU

tit+s

where Ly ¢4 denotes the labor supply from period ¢ + s given that the last wage update
was done in period t.

The Lagrangean of this problem is given by

L= Z(ﬁfm)sEh,t [V (Lh,t—i-s\t) + Apigs (Rt+sleh,t+sfl + th:)tJFSW;,tLh,t—l-sﬁ + RersUh,tJrsKh,tq-i—
s=0
Pt+sAh,t+s—1 + Th,t+s - P15+sCh,t+s - Pt+sIh,t+s - Bh,t—l—s - Pt+sa(Uh,t+s>Kh,t+s—l - Qt+s+1,tAh,t+s>]

Note that the Lagrangean multiplier of this problem is equal to the marginal utility of
consumption, Ay ;4.

The optimal condition for setting the wage of differentiated labor, Wy, is

(6. ; L+ w ) Lta, Ligis
0= Z(ﬁfw) By [(Ah,ws (Xt,t+sLh,t+st - ufmrsLh,tJrsltit,t+s> + #V/ (Lhtts) ht:”)]
o Hits Hits Wh,t
[oe} X’w s 1 + w s V/ L s
0=> (B&w) Ens [Lh,t+stAh,t+s (— L w“t+ ( h,t+*)>]
s=0 t+s Pivs  NnaesWiy

79



Using the FOC from households’ problem and the definition of the rate of marginal

substitution between labor and consumption, one can see that

V' (Lngsit)

A = L%7t+5|t(ch,t+s - So/vch,t—i—s—l)Eh,t—i—s [Pt—I—s]
h,it+s

= MRSh,t+s|tEh,t+s[Pt+s]-

Thus, the wage-setting equation can be written as

< Xeo]oE, 1+ 16, . MRShos st Enrs| Pros
Z(ng)sEhnf th,t+s|tAh,t+sT] = Z(ﬁfm) Eh,t [Lh,t+stAh,t+s wlut+ hobolt *h7t+ [ as ]
5—0 Mg 5—0 t+s Wh,t

(H.7)

H.5 Labor packers

There is a continuum of households indexed by h € [0,1] who supply differentiated labor
services that are imperfect substitutes for other households’ labor services. As in Erceg et al.
(2000), it is assumed that there are “employment agencies” that combine households’ labor

supply using the following aggregator

1 L T4py
L, = < / Ly, dh) , (H.8)
0

where pf’ denote the agency’s wage mark-up such that log(1 + uy’) = log(1 + u*) + . In

turn, x’ follows the process
v = pury e, & ~ N0, o). (H.9)

Agencies pay each household h their wage, W}, ;, and sell a homogeneous labor service to

intermediate firms at a cost of W;. Therefore, they maximize profits
1
WL, — / Wi Ly dh (H.10)
0

subject to the nominal wage index

w

1 1 —Hy
Wt - (/ (Wh,t) “%ﬂ dh) .
0
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Thus, the demand for labor for each household A is given by

1+pp”
Wi\~ "
Ly, = ( ’ ) L., H.11
hit W, ¢ (H.11)
_1 -y
where W, = fol (Why) & dh is the nominal wage index. Given the optimal prices and

the indexation rule, the price level has the following law of motion

1 17 —H

W= [0 (M W) 76 4 (1= ) (W) | (H.12)

where Wy = [ Wy ,dh

I Log-linearization of price- and wage-setting condi-

tions

Let z; = log(Z;) —log(Z) be the log-deviation from the steady-state for any relevant variable
Zy.

I.1 Marginal cost

Equation (H.2)

E’Z,t [Wt] 11—« Ki,t
Ei,t [Rf] « Lz,t
Ei,t [Wt/Pt] _ l—« Kz’,t
E;, [Rf /H] o Ly
Ezt :I/T/t . 1—« Kzt
Ei,t »Rf « Lz t
Vf/ E’i,t |:e'UA}ti| 1 - Of K k} —l'
- = 4 — e 7,t 1,t
]A%k Ei,t ert a L
M = ekit—liz
Ei,t {e’ﬂ

where the last equality uses the same equation in the steady state.
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Log-linearizing each term:
E; i [1+ ]
iy [1+ 7]
1+ Eig [th] = (14 ke — L) (1+ Eie [77])
Eiy [n] = kiy — iy + Eiy |7}]

— 1 + ki,t - li,t

where last equality uses the fact that x;y; = 0 for any pair log-deviation from steady-state,

(xh yt)
Marginal cost (equation H.3)

e (1= )WiE;y [RE| + aREE (Wi | 1
it = = | =
| ae(1— a)i=eB,, [W))" E, [RE] " | 4
MC,, /P (1 —a)(Wi/P)Eiy [Rf/Pt} +a(Ry/R)Ei [Wi/P]| 1
ot/ Lt — o T—a e
a*(1 — a)i=o B, [W,/P]" E;, [R}/P] Ay
MC (1 — Oé)WtELt [éf} + aﬁfELt {Wt} 1
it — NIEY N v
_O‘a(l - a)l_aEz‘,t [Wt} Ei: {Rﬂl At
_ _(1 - a)ﬁ/ékexp(wt +Ei, [fﬂ) + aﬁ/]?ikexp(ff + E;y []) 1
MCexp(me;;) = ~ =
a*(1 — a) =W (R¥) eexp(a b, [b] + (1 - a) Eyy |[7F]) exp(ay)
(1 — a)exp(i, + Eiy [fﬂ) + aexp(PF + B [y])
exp(mey + a) = - i
I exp(aE; [W] + (1 — o) By {Ttb

V%/lfa(ék:)a
a®(l—a)l-«

where last equality uses that MC =

Log-linearizing each term:
(1= )1+ + By [ff]) +a(l+ 7§ + iy [1y])
L+ @By [iy] + (1= o) By [7F]
(1+meie + an)(1+ aBy [in] + (1= a)Egy |#F]) = (1= @)(1+ 1, + Eiy [7f]) + a1 + #f + iy [iin])

1+mei +ar =

1+ mc; g + a; + OéE@t [u?t] + (1 - Oé)E@t {ff} = (1 - Oé)(]_ + UA)t + E@t [ff}) + Oé(l + ff + Ei,t [’(I)t])

me;r = (1 — a)y + it — a

Note that mc;; does not depend on 7. This is due to the fact that the production function

exhibits constant returns to scale, and, as it turns out, the heterogeneity of expectations
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does not play a role in the cost minimization problem up to the first-order approximation.

Thus, we can simply drop the ¢ such that
me; = (1 — o)y, + aff — ay

1.2 Production function of intermediate producers

Production function:
Yii = 633?—’(1% (VtLi,t)l_a - th)p
We first detrend the variables to get
Vi =e"K)\LY — @,
We move the term @, to the left-hand side of the equation and log-linearize it as follows
log(Yis + ®,) — log(Y; + ®,) = a7 + ak;, + (1 — a)ly,

We may rearrange the left-hand side of the expression above to get

Y;

log(Yis + ®,) — log(Y; + &) = ——u;
g(Yi p) g( ») )/i—'_@py’t
We conclude that _
Vit+d,
Yit = S—/ P (.Tt + aki,t + (1 — Oé)li7t)
Integrating over i, we finally get
Y 4+ @
Y = _ P (I? + Oél{ft + (]. — Oé)lt) (11)

1.3 Price index

Price index (equation H.4) requires a different log-linearization rule. Consider X, = Y,%.

Then, v, = Z(log(Y )z + y;) Applying this to equation (H.4):

L n

~ —

m " =g, (T ) ﬂf +(1-g) (Pr) ™

1 B Ak
f(—log(ﬂ)ui’ +07),

(—log(I)pf + ;) = —& </\1 (— log(I)pf + LpTt—1 )

P

*@y“ =
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which rearranging leads to

= Eplpme—1 + (1 — &) Py (I.2)
I.4 Optimal price
Optimal price (equation H.6):
o= s [ X, s- > s [ 1 + A s MC’L s
prEz‘,t /\t,tJrsYtJrs|t)\ti = prEi,t NptrsYipsp ( \ s ) P*’H ]
5=0 L Dt+s | s=0 L p,t+s it
G i Xitts .- [ L+ Aptrs \ MCipys Pro1 Prigs
“Eit | ArtrsYets = I UV A P, :
;gp gt | Dpps Yiqsft Niss | Sgofp t _ tot+s Y t4s|t Nis Prw P, P
< Xiwa] & | 14 Apas | MCipially s
ngEi,t At t1sYigslt )\tH = prEi,t AppysYers)e ( \ s ) ’tt* i
s=0 L Dit+s | s=0 i Dyt+s PM
where ;1445 = Iiil = 250+, and ]5[’} = P};/Pi—1. If we stationarize ]52*,5 by P, we

wouldn’t be able to take it as known by firms, since P; is unknown. Thus, we proceed by
dividing by P,_;.
The equation above can be rewritten as

S, Xitts S, 1+ Apits Mci,t s 1 pys

prEit At t+sYt+s|t)\ i ] = ngEi,t At,t+sYt+s|t ( \ Caax ) }* x

5=0 L p,t+s s=0 p,t+s it

> (ALY X, 5

Z f;Ei,t X exrp (At,tJrs + Ytyslt T Tetrs — >\p,t+s)] =

s=0 L P

= TAY(Lt &) MO S )
Z §pEz‘,t ( X plll exp (At,t—&-s + Yegslt T Topps + Apigs — Apigs T MCips + To1p4s — pi,t>
s=0 L 4

where 27 = log(u}) — log()\,) ~ log(1 + ) —

Note in the steady-state A, = (%)S, X, =TT ( and MC = 1/(1+ ),). Thus,

the equation above can be written as

xp ()\t,t+s t Yetslt T Teps — /\p’t+s)} =

S (86, Eu [e

s=0

S (86)°Eur [e

s=0

A Ak
xp (At,t—f—s + Yttsjt +MCitys + MTe—144s — pi,t)}
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Loglinearizing leads to:

i}(ﬁﬁp)sE@t [1 + Aitts + Yerslt + Teps — 5‘p,t+s] = i()(ﬂfp)sEi,t[l + Atytts T Yersje T MC;pys
+ T1prs — Diy)

i}(ﬁfp)s&,t |:xt,t+8 - 5‘p,t+s} = i)(ﬁfp)sEi,t [mci,t+s T M 1t4s — ﬁ;t}

P :

1= bfp = g(ﬁﬁp) Ei; [mcz’,t—i—s + -1 t+s — Ttpts T Ap,t—&—s}

piy = (1—B&) io(ﬁfp)sEi,t [mcz‘,ws + M1t4s — Tet4s + 5‘p,t+s}

Note that for s > 1, we have that

s

Xt,t+s = H (Hiﬁ-j—lﬁl_Lp)

j=1
ﬂ86$p<xt,t+s) = ﬁsewp (Lp Z 7Tt+j—1>
j=1
Log-linearizing, we find that:
Ttt+s = bp Z Titj—1 (I.3)
j=1

and z,; = 0 by the definition of X, ;.. Analogously, we have that
Tt—1t+s = Zﬂ-t+j (1-4)
3=0

Using equations (I.3-1.4) and the fact that the marginal cost does not depend on i, the

optimal price is given by

ﬁ:,t = (1 - »651:) Z(Bép)sEi,t MCiys + Z Ti5 — Lp Z M1+ 5‘p,t+s
s=0 =0 j=1
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We now use the usual trick to rewrite p;, recursively.

Pry=(1—=0&)D (B Eiy [Mcis + Y Mg — tp D Tajo1 + 5‘p,t+s]
s=0 j=0 Jj=1
= (1 — B&,) E; s [mic, + m + af]
+(1-8¢) Z(ﬁgp)sELt MCtys + Z Tt — bp Z Tij—1 1 5‘panrs}
=1 =0 j=1

= (1 = B&)E;y [mey + mp + 2]

00 s+1 s+1 5
+ (1 - 5&) Z(ﬁfp)SHELt MCitst1 + Z Tit+5 — Lp Z Trj-1+ )\P,t+s+1]
5=0 j=0 j=1

= (]. — 65}7)Ei,t [’IﬁCt + Tt + ZE?]

[e'e) [ s+1 s+1 B
+ (1 = B&) B, Z(pr)sEi,t MC; p4s1 + T + Z Ty — bp (Wt + Z 7Tt+j—1) + /\p,t+s+1]

s=0 j=1 =2

- (1 - ﬁgp)Ei,t [mct + T+ l‘%] + 55}9(1 - Lp)Ei,t [ﬂ-t]

+ (1= B&,) 5% Z(ﬁfp)sEi,t MCitysr1 + Z Ttj+1 — Lp Z Tyj + 5\p,t+s+1]

5=0 §=0 j=1

where the second equality separates the s = 0 term from the summation, and the third
redefines the summation counter as s = s — 1. The fourth equality separates the first term
from the summations inside the brackets, and the fifth redefines the summation counter as
7 =7 — 1 and solves the infinite sum for terms that do not depend on s.

Taking the expectation of the optimal price one period ahead leads to

Ei,t [ﬁztﬂ] = (1 - 5§p) Z(ng)sEi,t Ei,t—H Tﬁcz‘,t+s+1 + Z Tt4j+1 — Up Z Titj 1 /N\p,t+s+1]]

s=0 i =0 =1
= (1= B) Y (B&) Eiy |MCipgsir + Y Towjir — bp D T + :\p7t+s+1]
s=0 =0 j=1

using the law of iterated expectations (which holds for i-th expectation but not for the

average expectation). Thus, the optimal price can be written as
ﬁ;'k,t =(1- ﬁgp)Ei,t [mcy + 7] + (1 — Lpﬁfp)Ei,t [me] + BE Lt [ﬁ;tﬂ} (L.5)

Finally, we need to aggregate the optimal price to find the NKPC. Aggregating p;, leads
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to
B - 1
By = (1= BE) By [ + 2] + (1 = 1,86) By [r] + 54, / Eig [Biasa] di
0

1 o A
Substituting into equation (I1.2) leads to the NKPC under heterogeneous information and

indexation

1
T = EplpTi—1 + ’ipngt [mcy + ] + (1 — &) (1 — Lpﬁgp)Et [me] + (1 — gp)ﬁgp/o Ei4 [ﬁzt+1] di
(1.6)

= M Inflation depends on its own average expectation with coefficient

where k, .
v, = (1 —&,)(1 — ,8E,), which governs how fast the dependence on higher-order beliefs

decays with the order in equation (28) of the main text.

I.5 Wage index

We can rewrite the wage index W, = < fol (Whe) " dh>_ " as follows

w
1 7/‘%

_ 1 .
W= [ (Y 0 Wot) 7 4 (1= &) (W) 7F

_ P\ < P\
gw (H;wlnle I/I/t 1 t 1> +(1_£w)< Wt t 1) " ]

w

—p

W,
VP

’yt_l-Pt—l Pt /}/tPt_l -Pt

1

» - tw TTl=twT] i 3T
(Wlly) 7 = &, (T 1 Wiy ) 7 (1= &) (W) 7
~ — 1 — ~ _% ~ oW
Note that in the steady-state: (WII)"#" = ¢, (HW) (-6 (W*) ", which
implies that ﬁ/* = ﬁ/ﬁ

Following the same log-linearization technique from the price index leads to

— A

1 . 1 SN, .
(—log(ITW )y + by 4+ m) = —&u (ﬁw(_ log(TIW) i1y’ + toymi—1 + wt1)>

(1= ) (— log (W)t + 7).

=

which rearranging leads to

Wy + 7 = Eu(bwTi—1 + W) + (1 — &)Wy (L.7)
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1
A Ak
where W} = [ W}, ,dh.

[.6 Optimal wage

The optimal condition of the wage setting problem is

= Xitrs 14y Lhos
Eh,t [Z(ﬁgw)s <At,t+s tq:;-i_ - wMH— h7t*+ > Lh,t+s‘| =0 (18)
=0 Hits Mt s Wh,t

It follows from equation (I.8) that

- 1+ lu:fis MRSh,t+s|tEh,t+s[Pt+s]

Xw s (e e} s
> (B&w)’ Eny [Lh,t+s|tAh,t+s tj+ 1 = (B&w) Eny th,t+s|tAh,t+s — ”
Mt s Wh,t

s=0 ILLt‘i’S s=0

0 . Aprrs X5,

S (B€w) Eny | Lnpysp—ts — bt

= JTHN | P
o " 1+ p g MRSh,t sitBn s [Tle—104s
Z B€w) Eng | Lt sftMnirs— irl = &
— t+s Whythfl,tJrs

This equation in the steady state implies that

5(71:[)5 GRLEA MRSTI*+!
> (s L T = 556 o T
me:waﬂH?W%

s=0 s=0

W=(1+p")YMRS
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Now we turn to the log-linearization:

o

Z(ﬁfw)sEh,t {exp (lh,t+s|t + :\h,t+s + s — Te-lids — [}éﬂ—‘,—s)}
s=0

o

= Z(ﬂfu))sEh,t [ea:p (lh,t+s\t + >\h,t+s + mATSh,tJrslt + Eh,t+s[7ft—1,t+s] - UA)Z,,: - 7Tt—1,t+s>]
s=0

oo

Z(ﬁfw)sEh,t [1 + lhppspe + 5\h,t+s + CC;L;HS — Tt—1,t+s — ﬁ;v+s:|
s=0

= Z(ﬁgw)sEh,t [1 + sl + :\h,t+s + MrSp sl — @Zt}

s=0
w;,t = (1 - Bfw) Z(ﬁgw)sEh,t [mﬁash,t+s|t + Tt—1,t4+s — xz‘l,]t-&-s + ﬂ:&uﬁ-s}
s=0
Wy, = (1 — B&w) Z(ﬁ{w)SEM M Speysit + Z Titj — lw Z Tigj—1 + [l
s=0 =0 j=1

where [y = log(p") — log(11") ~ log(1 + i) — log(1 + fi*).
Using the labor demand (14) at period ¢ + s for a given wage set at ¢, we have that

L
Wi X5, \ "
Lh,t+8|t = W, Lt+s
t+s
. Tpg’
* w it
.= Wi e X e I
h,it+s|t — = t+s
YV Wigslly 1446

Since X¥ = (yII)%, TI_;, = TI**!, and W = ﬁ/ﬁ, we have that L, = L. Log-linearizing
implies

Ihigs)t = ———= +ligs (L.9)

=1 =0

where the first equality uses that log <m> = log(1) = 0. and the second uses that,
,Ys S

analogously to the indexation scheme for prices, Ty, o = tw 251 Terj-1-
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The M RS at period t + s for a given wage set at ¢ is given by

M Shtyslt = ( ) Chyt+s — @/”YChHs 1)+Xlt+s|t

<1—<p/) Chytts — P/ VChits—1)

14+ n
+X (— — +lt+s)
i

Substituting the labor-demand expression for [, ; into m7sy, ;4 and collecting the wage-

S
+ T lw Z Tipj—1 — Wips — Z Titj

Jj=1 Jj=0

choice w}, , on the left-hand side yields

MmrSpt+sjt — MTSht+s — X0

S S
Ak A
W, 4 + Ly E i1 — Wiys — E 7Tt+j]
j=1 7=0

where 6, = Hﬁ—ﬁ and

1
Wsht s=\7""—"" (Cht s /’YCht s—l) +Xlt s
=+ 1—o/r s — P o+ +

Note that mrsj, 14, retains individual consumption ¢, 415 under incomplete markets, house-
hold h’s consumption differs from the aggregate, but its own current and past consumption
are in h’s information set at ¢t 4+ s. The relative-wage component of labor has been absorbed
into the (1 + x#,,) denominator below; only aggregate labor [, remains.

Substituting back into the optimal-wage condition,

Ak 1 - /Béw = S e N 5 - LW
hit = (14‘)(9) > (BEw) Eny |mishrs + XOwlirs + (1 + xbu) (Z Torj = bw ) 7Tt+jl) + fhis
w o s=0 Jj=0 Jj=1

Following the same quasi-differencing as for the optimal price, the recursive form is

~ % - w — ~ ~w A %
Wy = <1_|_§)2)Eh,t[m7"5h,t + X0y + fi7’] + (1 — twBw) Eny[mi] + BEwEny {wh,tﬂ] . (1.10)

Integrating over h, using fol chtdh = ¢, and fol Chi—1dh = ¢,

1-8e) [ 1 : 2ol 4 Bl
Wy = (Higw) : _w/v(ct—so/’yct_l) + XE[l] + xOu B[] +Et[ﬂff]]

1
(1= B Bl + 060 | Buo[d ] (111)
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The only difference relative to the complete-markets derivation is that the consumption com-
1

A I—¢/y

Eimrs;] (channel G5). The labor and markup components still require forecasting because

ponent (¢ — p/vci—1) enters as a known aggregate (channel Gy), rather than through

they involve aggregates outside the household’s information set at the wage-setting stage.

Substituting (I.11) into the wage index (I1.7) gives wage dynamics under heterogeneous

information,
A A, 1 n n ~ W
Wy 4 7 = & (bwTi—1 + We1) + Fwbw [1_@/7(% — /v 1) + X Eil] + By ]1
) B 1
4 B] + unBilm) + (L= €560 | Bnd[ 0] dh, (112)
0

where r,, = Gg20288) g = (1 - &,)(1 = 1,88) and ¢y, = Kubuxbu = (1 — &)(1 -

Béw) 13:?;5“,' The real wage depends on its own average expectation with coefficient 1,,, the

wage counterpart of ¢,. Iterating (I.12) on its own average expectation, as done for inflation

in equation (28) of the main text, makes the whole hierarchy of beliefs explicit, with the

dependence on order k£ decaying geometrically at rate .

J Impulse response functions

In this section, the remaining impulse responses for the FI and DI models estimated with
the dataset including expectations data are displayed in Figures J1-J5.

Figure J6 repeats, for macroeconomic variables, the decomposition of impulse responses
into first- and higher-order uncertainty reported for revision variables in the main text. The
DI responses (solid black) and the counterfactual without higher-order uncertainty (dashed
gray) are essentially indistinguishable. Virtually all of the attenuation and delay that infor-

mation frictions impart to macroeconomic dynamics comes from first-order learning.
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Figure J1: Impulse responses to preference shock
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Figure J2: Impulse responses to TFP shock
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Figure J3: Impulse responses to wage mark-up shock
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Figure J4: Impulse responses to government expenditure shock
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Figure J5: Impulse responses to monetary policy shock
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Figure J6: Decomposition of impulse responses
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